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C H A P T E R I 
THERMODYNAMICS OF SMALL METALLIC PARTICLES 
The thermodynamic hehaviour of any system is determined by its level 
structure and the type of statistics involved, i.e. Fermi or Bose-
Einstein. In the case of conduction electrons in a metal, the exact 
energy levels could he ohtained from a forbiddingly complicated many 
body Schrodinger equation combined with the appropriate boundary con­
ditions. To get results, simplifications must be made. An often suc­
cessful approach is to consider the electrons as noninteracting and to 
apply the concept of periodic boundary conditions. The first step as 
well as the second represent a drastic distortion of the real situation. 
Whereas the free electron model can lead to qualitatively wrong results, 
the boundary conditions are usually considered to be of no importance 
for the bulk properties of the material and should therefore be chosen 
in the most convenient way. This view is correct as long as the special 
boundary model only serves to count the number of states up to a certain 
high enough energy. However, if the structure of the highly degenerate 
level distribution connected with periodic boundary conditions were also 
used, the results obtained from such a model would be in contradiction 
with all experimental evidence. 
With periodic boundary conditions applied to a cube of linear dimension 
L, the free electron states are of the form 
where Xjis the spin function and Ж the quantized wave vector, whose 
2 
components are 
h - ψ • кч , ^ = 0,-1,12... (2) 
L 
The energy of state (k,s) is 
ε f Г . » ) - ^ . О) 
-¿no 
m is the free electron mass. In k-space the k-points are distribu-
ted with density V/[2n/ , where V = L . The density of states of 
4.T. • J- · * ) 
this system is 
Obviously all levels (3) near the Fermi energy £T are highly degene-
rate due to the cubic symmetry of the problem. It is easy to see that 
it is not reasonable to use the level density {k) even for macros-
copic bodies. The distance between successive levels (3) at the Fermi 
energy is of the order 
dPc - „о · Χ (5; 
With Κρ = 10 cm and L = 10 cm, one obtains cfp
c
^ 10 erg, which 
corresponds to a temperature of about 1 K. As an example, taking this 
level distribution for the calculation of the electron spin paramagne­
tism at temperatures Τ « 1 К, one would obtain zero magnetization up 
to fields of about 15 kG (JUBH is then ~, 1 K, where UB is the Bohr 
magneton ) and then a giant spinflip avalanche would occur, sending 
The index
 v r
 is used for "periodic boundary conditions". 
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Fig.1. Giant spinflip in periodic boundary conditions model. 
the "up" spins of the first filled, highly degenerate level into 
"down" states of the first empty, highly degenerate level, see Fig.1. 
The same would happen again around 30 kG, etc. The resulting magne­
tization would exhibit a steplike form with steps of the order Гхл
в 
where F is the degeneracy of the levels. Of course, such a result 
is not supported by any experiment known at present, and it is clear, 
that Dp
c
 is far from reality: the periodic boundary conditions are 
too artificial to give a reasonable density of states. 
Instead of solving the free electron Schrödinger equation for other 
boundary conditions one makes use of the theorems concerning the 
k 
asymptotic distribution of the eigenvalues of the wave equation 
as function of the region for which the differential equation has 
to be solved. Asymptotic means high quantum numbers, as is the case 
1 2 for electron states near the Fermi level. The theorems ' say that 
in the limit j|<
e
|-*oothe number of eigenvalues with £(W)<£(l<0)as de­
rived from the periodic boundary conditions model is a quantity 
which in fact does not depend on the shape of the region but de­
pends only on the volume of the region. This is what is meant by 
stating that the periodic boundary conditions model is useful for 
counting states in the asymptotic limit. As the shape of the par­
ticle is highly irregular - at least on the scale of atomic dimen­
sions - all orbital degeneracy is thought to be removed. The level 
density Dcy- is then replaced by a continuous distribution of only 
spindegenerate levels in such a way that the total number of states 
up to any high enough energy - including £ψ - remains the same. 
Then, one obtains the often used electron density of states of the 
3 
free electron model 
D ( e ) = V - ^ ( ^ ) % · ^ («) 
Here, the dependence of D(s) on the volume of the specimen only is 
brought out clearly. 
If the lifetime of the electron states is taken to be infinite, 
i.e. if level broadening is neglected, it is natural to define the 
spacing between adjacent energy levels by means of Dfe) in the 
5 
following way: 
^ • W) (?1 
To find<Г=сГ(ІЕр)for V = 10 cm ( L = 10 cm for a cube, see exam­
ple given after Eq. (5)) use is made of the relation 
where N is the number of states below fT. With K^ · = 10 cm , N is 
17 oA 
of the order 10 ала S is about 10 erg, corresponding to 
1 0 ft 
Ю
-
 К or 10" Gauss. Obviously it is justified to take the level 
distribution as continuous in (6), because compared with even the 
smallest practical magnetic field or thermal energy, О is com­
pletely neglegible. For calculation of the spin paramagnetism at 
Τ = 0 К, it is not necessary to count every level undergoing a 
spinflip: instead one may replace this cumbersome summation by an 
integration with the level distribution (6), thereby introducing 
a neglegible error. However, as for instance at places as Eq.(7) 
it is necessary to think of discrete states very close to each 
other. As a compromise one gives the level distribution the attri­
bute "quas i с ont inuous ' '. 
The validity of the quasiсontinuous model is guaranteed only when 
cT can be considered as infinitly small compared to the energy 
scale on which experiments are performed or effects calculated. 
If <ƒ should become of the order of 1 К and a spin paramagnetism 
experiment was made at T « 1 K, then the magnetization should ex-
6 
hibit jumps as "up" and "down" levels meet each other, inducing 
spin flips. The point is now, that the energy levels are non-
degenerate, the spin flip jumps represent a real effect, be­
cause our level spacing of nondegenerate levels gives a lower 
limit for the spacings in a real sample. Any accidental dege­
neracy only increases S . This is in contrast with the giant 
spin flips of the earlier example: They simply were a consequence 
of an artificial mathematical treatment of the real problem. 
The inverse dependence of d" 
on the volume V suggests that even for nondegenerate levels 
о might become of the order of experimentally significant 
1 ft "3 
energies kBT oryuBH » or even larger. With V = 10 cm , i.e. 
a particle with linear dimensions of the order of 100 A, cT 
becomes about 1 К or 10 Gauss, taking the same parameters as 
before. Therefore, in a small enough particle the thermodynamic 
behaviour of the electrons should show the discreteness of the 
energy spectrum. Effects due to this discreteness are called 
quantum size effects. They should be observable if the characte­
ristic energies kpT,iißH are comparable or smaller than о . 
Clearly, similar reasoning as for electrons applies also to other 
excitations such as phonons. The effects causing level broadening 
are reduced in the quantum size effect regime: phonon-, impurity-
and electron-electron-scattering probabilities are smaller due to 
the finite spacing of the energy levels. 
τ 
h 5 . 
Kubo and Gorkov and Eliashberg emphasize that the de Broglie 
wavelength of the electrons near £p for most metals is of the 
order of atomic dimensions. The smallest surface irregularities 
are therefore felt by the electrons making the level distribution 
perfectly random and nondegenerate, with an average spacing given 
by Eq.(8). 
The randomness of the energy spectrum was taken into account by 
Kubo in the following way: Around f^ the energy axis is divided 
into intervals small compared to cf . Each interval has the same 
small probability of containing a level. Then, according to sta­
tistics, the spacings Δ between successive levis near £V are 
Poisson distributed 
P
r
(A)=f е- Л / < Г (S) 
The probability distribution of level spacings is not yet suffi­
cient for determining the thermodynamic properties of the electro­
nic system. An important feature of small particles has not yet 
k been considered: charge neutrality at low temperatures . The 
work required to charge up a sphere of radius R with the elemen-
2 -2 
tary charge e is e /2R which amounts to 10 eV for a particle 
of 100 A diameter, which is much larger than kgT, Τ = 1 К, making 
charge fluctuations extremely improbable. Therefore it is meaning­
ful to make a distinction between particles containing an even or 
odd number of electrons; they will subsequently be referred to as 
even and odd particles. As the two classes of particles will show 
8 
to have a different behaviour in the quantum size effect regime, 
one has to use for the derivation of the thermodynamic properties 
the elctron conserving canonical ensemble. The following consider-
ation makes this clear. In the grand canonical ensemble normally 
used, the electron fluctuation for a degenerate electron gas is 
given by 
For a particle of linear dimensions 100 Ä and an electron density 
23 -3 '—α 10 cm ANrjî, which is not very much compared with the total 
number of electrons. However, contrary to the normal situation in 
statistical mechanics, in the present case not the relative fluc-
tuation yW'/H is important but the absolute change of N by one elec-
tron. Stated in a different way: it does not matter if the parti-
cle contains 10000 or 10002 electrons, but it matters if it con-
tains 10000 or 10001 electrons. 
Based on work by Wigner and Dyson, the correctness of the level 
distribution (9) has been questioned by Gorkov and Eliashberg . 
The point is, roughly, that the energy eigenvalues themselves 
should not be considered as randomly distributed, but a statis-
tical hypothesis about the matrix elements H.« of the Hamilto-
nian should be made. H,- is the matrix element Ι ψ* (4 ψη , whei 
иЛ, (Vaare two base functions of some chosen representation and 
Η is the unknown Hamiltonian of the system which now includes 
the boundary potential of the particle walls. Nevertheless it 
9 
is assumed that certain general symmetry properties of H are known: 
e.g.that H is time reversal invariant and that real base systems 4^ 
exist in Hilbert space making H^- real. Then, the statistical hypo­
thesis consists of two parts: First, 4^ (Ηψβ) evaluated at any point 
of configuration space is independent of (U (Ηψ'όΟ evaluated at the 
same point if (j^ fO^ np^ ?· Secondly, the probability of the matrix 
element H^Q having a certain value is invariant with respect to 
rotation of the system of real base functions ψι ( orthogonal trans­
formation ). Then it follows that the matrix elements must be nor­
mally distributed and that the dispersion of the diagonal elements 
must be twice the dispersion of the offdiagonal elements: 
СГ is a constant, serving as scale factor for the mean spacing 
between adjacent eigenvalues of the matrix H^n . The infinite di­
mensional matrix Н^я has been approximated by a finite Ν χ N mat­
rix, without serious consequences for the conclusions drawn. For 
large N, the connection between <r and a is : σ = ΤΓ<Τ7|Ν. Let E ....E 
be the real eigenvalues of H. Then the eigenvalue probability 
distribution is of the form: 
PN ( E,. E, Í,) = К · [ Д I F, - ^  I ] exp (- £ Σ Щ) fa) 
This is called a Wishart distribution. From (12) it is easy to re­
cognize that Ρ = 0 if any E. = E.: this phenomenon is called re­
pulsion of the energy levels. It is absent for Poisson distributed 
10 
levels (9), where the prohability for zero spacing is largest. 
Next, the probability of nearest 
neighbour eigenvalue spacings is calculated from (12). The result 
is to a very good approximation: 
pw- ï - f -f(-Wf) (13) 
which again shows that Ρ(Δ=θ) = 0. For small Δ , Р(Д ) ^  Δ . The 
distribution (13) is the appropriate one for free electrons. There 
exist systems with other symmetries where the repulsion effect is 
even more pronounced than in the case considered, see Ref.(8). The 
distributions (9) and (13) are shown in Fig.2. 
Δ 
Fig.2. Nearest neighbour spacing distribution ( a = 1) for the 
Kubo model (left) and Gorkov-Eliashberg model (right). 
We can already draw a simple conclusion about the spin paramagnetism 
11 
of even particles in the quantum size effect regime: For T-»0 К 
the magnetization in the Gorkov-Eliashberg model goes to zero, 
whereas in the Kubo model it remains finite, due to the nonzero 
probahility of finding levels arbitrarily close. A more quanita-
tive consideration of this effect follows in Chapter III. 
One has to bear in mind that the 
eigenvalues E. in the Gorkov-Eliashberg case are correlated. Be­
cause of this, it is not sufficient to consider only the nearest 
level spacings (13) if more than one level contributes significan­
tly to the partition function of the system. Then the n-level 
correlation function C(E E ) indicating the probability of 
finding a level between (E E^dEj (E ,E^+dE ), where 
E < Ер ·«£„ should be known. Unfortunately no easily 
treatable analytic expressions are known for С involving more 
than three levels. Therefore Denton, Muhlschlegel and Scala-
9 . . . 
pino suggested the following approximation: They observed that 
when cf^ lcTthe thermodynamic quantities averaged over the Dyson 
level distributions are very nearly the same as for a distribu­
tion where all levels are equally spaced by 0 = constant. On the 
other hand, for temperatures sufficiently small compared to ¿f 
only the first level above the Fermi level determines the be-
haviour of the system. Therefore, removing the first fixed level 
above ερ in the equal level spacing model and replacing it by a 
probability distributed level gives correct results for tempera-
tures k-T^if and also for k0T i S. The advantage of such a procedure 
lies in the fact that the equal level spacing model can be cal-
12 
culated exactly without making any approximations. More on this 
subject can be found in Chapter III and Appendix I. The described 
approximation scheme is applicable also to the higher fixed levels 
above £_. . Denton et al. estimate that for specific heat and spin 
paramagnetism calculations the first level approximation is good 
to within 10 % of the exact Gorkov-Eliashberg values over the 
entire temperature range. 
The aim of the experiments described in the subsequent chapters 
was to investigate if some anomalous electronic properties of 
small metallic particles in the quantum size effect regime could 
be detected. The main difficulty is the production of sufficiently 
concentrated samples of small enough particles and the control 
of their size. Some of the expected effects are rather insensitive 
to the sharpness of the particle distribution, i.e. to variations 
of ο , and at present only these seem promising for experimental 
verification. 
13 
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C H A P T E R II 
POLARIZABILITY OF SMALL METALLIC PARTICLES 
II.1 Theoretical aspects. 
The static polarizability of a particle so small that the average 
spacing <Γ defined by Eq.(8) Chapter I becomes finite is a quantity 
which deserves special interest, as noticed by Gorkov and Eliash-
berg . The influence of ал electric field on a particle is qualita­
tively different for the limiting cases where the potential diffe­
rence across the particle is small or big compared with £ . In terms 
of electrical field strength E, two regions must be distinguished: 
l) eaE « сГ and 2) eaE »cf > where d = 2a is the dimension of the 
particle ала e the electric charge. 
In the first case, simple first order perturbation theory may be app­
lied. The trouble is, however, that for performing a perturbation 
calculation the unperturbed problem should be solved, meaning that 
for a given Hamiltonian the exact eigenfunctions should be known. 
As pointed out in Chapter I, only statistical assumptions are made 
concerning the energy spectrum of the particle. Nowhere an actual 
Hamiltonian was presented. Therefore the eigenfunctions are unknown 
and no quantum mechanical perturbation theory can be applied. Being 
aware of this situation, Gorkov and Eliashberg take recourse to a 
15 
quasiclassical approximation, treating the electrons as wavepackets 
moving along trajectories in the particle and being diffusely scat-
tered by the wall. Then the quantum mechanical expectation value of 
the observables over all states of definite energy is replaced by 
the average value of the corresponding dynamical variables taken along 
the trajectories of the given energy. A different approach has been 
2 . . . . 
tried by Rice et al. : They calculated the polarizability of an ideal 
spherical particle. Obviously, this offers great computational con-
venience but some of the essential points stressed in Chapter I are 
lost. 
In the second case, the field is strong enough to lead to a finite 
displacement of the Fermi surface in k-space. If f%(í¡*) is the oc-
cupation probability of it-states in absence of a field, f^ ,(E¡* + eTv£E) 
is the occupation probability in the presence of a field, using the 
Boltzmann equation concept . Vg» are velocities at the Fermi surface. 
The use of the Boltzmann equation is justified in Kubo's refined 
terminology as long as for the scattering processes the impact limit 
approximation is valid, which leads to exponential relaxation func-
h . . . 
tions . This condition is assumed to be fulfilled, meaning that the 
time the electron is exposed to the scattering potential of the wall 
is small compared to the time between collisions, i.e. the range of 
the scattering force is small compared to the particle radius. The 
relaxation time is determined by the collisions of the electrons 
with the wall of the particle, giving for diffuse reflection Τ- ψ, 
where a = d/2 is the particle radius. 
16 
If e-(a/v) ·ν·Ε ><Γ this obviously leads to ал electric current in 
the particle ( J*« e-E , with <г * о ) : then, the polarizability is sim-
ly determined by the requirement that within the particle no static 
electric field may persist. For a spherical particle this leads 
to the classical polarizability ci = a of a metallic sphere of ra­
dius a. 
The polarizability oe. of a particle is defined by D = V»c**E
n
 where 
E
n
 is the external field and D the induced dipole moment. It is clear 
that E is not the field the electrons inside the particle axe feel­
ing. The charge distribution within the particle is such that the 
external field is screened and the electric potential acting on an 
electron is given by the applied field E plus the potential of the 
charge distribution of all the other electrons. To find the local 
field, a selfconsistent calculation of the charge distribution should 
be carried out. Assuming the field inside the particle to be homo­
geneous, the polarization Ρ = D/V is related to the local electric 
field via the susceptibility X : Ρ =Χ·Ε . E.. is the physically 
meaningful field in the interior of the particle which is perturbing 
the electron system. Its connection with the macroscopic field E 
is made by the relation E = E- - Ν·Ρ, where N is the depolariza­
tion factor which equals UlT/S for a sphere. Unfortunately, Gorkov and 
Eliashberg confused X = V-X and o< . Therefore their conclusions are 
incorrect, but their method of treating a small particle system re­
mains of great interest. 
The starting equation for the susceptibility is taken from the po-
Π 
larization theory of the hydrogen atom. In this case, of course, 
E = E and the quantity calculated is called polarizability. 
For a small particle precisely the same theory applies with some 
modifications due to the Pauli principle, hecause the electrons are 
moving independently from each other and all of them experience 
the same field E, 
loc 
One writes for the atomic polarizability at Τ = 0: 
where χ . is the matrixelement ^- (o| r*] kX |o^  being the ground state 
and |k^  the excited states of the atom. 
For the particle, the generalization is straightforward. The equi­
librium occupation probability of state |фis n, . Then the matrix-
elements X^ g must be replaced by IL ( l-n, ) |xkJ· This gives for the 
susceptibility of the particle: 
2. 
^ W - 4 S ( T ^ S » Í " - ^ ) 
The static part ^ ^ is 
x k e (2 ) 
Пк-ие -ь H 
and the frequency dependent r e a l part 
,2-. Д 
Eq.(3) and (i+) correspond to Eq.(5) and (6) in Gorkov and Eliashberg's 
1 paper . 
18 
In the following, only XJ is dealt with. In Eq.(3), the matrixele-
ment |p^
e
| is calculated in the quasiclassical approximation. As this 
matrixelement hecomes quickly small for increasing difference in 
•7 
quantum numbers (k-l) , one is allowed to write 
x? • Ι Υ ^ ^ Σ Κ ^ Ο (s) 
where £'(l<0i = f_ is the Fermi energy. 
The calculation of quasiclassical matrix elements was elaborated 
Q 
by Shapoval . Let f(t) and g(t) be two operators in the Heisenberg 
representation. Then the mean value of f(t)g(t+T ) in the state |in)> 
(nondegenerate, generalization including degeneracy see Ref.(8)) is: 
fffc)3ft+T) = Σ <п|т)|т><т|3(нг)|п> (è) 
Changing to the Schrodinger representation gives: 
ift.-6»)t/fc /,.,
 4 / . ,ч i(£~-Q(і«г)Д 
Щ(і^) - Zem)V <"|fl»"><«|j|n> 
In the quasiclassical approximation, f e becomes small for big |n-
therefore V(<d) = τ?(θ) in the region where f e ^ 0. Then it follows 
from (7) that 
Λ 
In the classical limit, the mean value of any quantity in a state of 
19 
given energy goes over into the classical mean value of this quantity 
as the particle moves over all trajectories with given energy. There­
fore: 
Tray 
f(t)q(tT) — » 2 - f W 9 ( t * r ) . р ^ О) 
Tnnj 
The sum goes over all trajectories, each of them associated with the 
appropriate probability ρ .. The Ъаг denotes the time average for a 
Iraj 
particular trajectory: 
+T 
Eq.(8) can now be written in the following way: 
where integral and sum have been interchanged. 
All this can now be applied to the small particle matrix element ^¿У^
и
 '· 
+ 00 + | 
p - j . [ r e l W M ? > W f , ( t * r ) d t ] ( i 2 ) r 7 -. —! Σ-
ι ->oo 
The corre lat ion with respect to Τ is even. Therefore: 
00 + T 
T->oo о ' 
Eq.(l3) is essentially equal to Eq.(ll) in Gorkov-Eliashberg's paper . 
For clarity, the index к 1 is added to the frequency, showing how the 
matrix element depends on (к,} and |6^ . 
vT 
The autocorrelation functionZl r=.17lt>7'(i+T)dt plausibly decays with a 
imi. ' J 
T-A -T 
relaxation time^r"^ , as T^  is the mean interval between collisions 
20 
of the electron with the particle wall ( diffuse scattering ) asso­
ciated with change of trajectory direction. From Eq.(l3) it follows 
that the autocorrelation function has to be modulated by cos (oJk g τ) 
and integrated over τ to get the desired matrix element. Gorkov and 
Eliashberg make the following approximation: 
For u). . é Щ2- = 2JL the Г - integral in Eq.(l3) is set equal to the value 
obtained for cos (b)k ¿f) = 1, f or ^ V^* — the integral is set equal to 0. 
Obviously, forai .»^E, the integral (13) will give about zero, as 
within the decay time T^  many oscillations of the cosine occur, so that 
within the nonzero part of the correlation function the integral con-
sists of negative and positive portions of nearly equal magnitude ma-
king the total sum vanishing. This is in agreement with the general 
property of the matrix elements of becoming zero for large |ΐ^-ί!|; 
Eq.(13) gives a quantitative estimate of this feature. 
According to Eq.(5) the quantity of interest is Z.lr I2» i.e. the sum 
over the matrix elements (13). Making the above discussed approxi­
mation all matrix elements have the same value (r, ..r,, ) ^ 0 within 
kl Ik о 
the interval js(k0)-£(tyiJ^ and outside the interval their value is 
zero. Therefore the sum of Eq.(5) is approximated by: 
In Eq.(lU) the matrix elements with Ul. Á— give a too large contri-
bution and the matrix elements id. > 2ΤΓ give a too small contribution 
-eie.
 T r 
( namely zero ). It is hoped that the errors committed this way are 
compensating each other, but Gorkov and Eliashberg do not prove this 
21 
explicitly. Before proceeding it is useful to make a short estimate of 
the frequencies involved: 
ц> -jо gives for the to of adjacent levels 10 s e c - , with ¿ = 
kokoM 
/- о 
10 К. For a particle with a = 10 cm ала ν = 10 cm/sec. Τ,, becomes 
10~ sec. Therefore, within the i n t e r v a l — 2 Τ Γ , the number of fre-
' a. ' 
3 . . . 
quencies ίιλ .is about 10 , meaning that in the present approximation 
(ΐτοβ 'è ко ) = const. 4- 0 for I £-ко I'-'10 > a n (i zero otherwise. 
Having made this approximation, the calculation of Eq.(l3) is straight­
forward according to the prescriptions given by Gorkov and Eliash-
berg's paper. They get: 
Vrt0£
 Г
* к 0 ) о ^ IS" 2ΤΪ-Ρ
 α
 IT t, / 
Then, Eq.(5) becomes: 
X e =2 
о 
= 2 
In Eq.(l6) the free electron density of states was inserted: 
the symbols having their customary meanings. 
Gorkov and Elishberg erraneously considered "X** as the polarizability 
of the particle and concluded that it must be much larger than the 
polarizability of a metallic particle, because Α Ζ>Λ . This is, of 
2 - ^ 5 " 
ш 
15" 
I 2. α-
2ГТ-9 α ν 
(ie) 
О» 
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course, wrong, as it would imply that the external field induces in 
the interior of the particle an oppositely directed field. In fact, 
the connection hetween XJ1 and oC is : 
o< = 
X 
, (ХУ^) » 1 0 8) 
ι - (x?A3) 
so that because У-^/^ < "ao , the real polari ζ ability of Gorkov and 
Eliashberg is smaller than the metallic polarizability. This means that 
a system consisting of discrete levels is screening the external field 
less effectively. This interesting point was further developed by 
2 
Rice et al. 
Gorkov and Eliashberg's treatment of small systems - besides poin­
ting out the level distribution problem - is therefore important, be­
cause their quasiclassical method is probably the only way of treating 
an electronic system when nothing is known about the eigenstates of 
the electrons, except the probability distribution of their energies. 
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II.2 Experiment. 
As the error of Gorkov ала Eliashberg was not detected at the begin­
ning - suspicion was building up only after the negative results of 
the experiments - efforts were made to prepare suitable samples of 
small metallic particles. The method used, although known for a long 
time, is interesting enough to deserve some comment, as it is unique 
in two important respects: It permits control of the number and size 
of particles present in a supporting insulating matrix. Unfortunately, 
the method works satisfactorily only for rather low concentrations of 
particles, generally less than 0.1 volume percent of the whole sample. 
The recipe adopted was the one gi­
ven by Maurer . To the components of a glass consisting of 71.5 % SiO 
23 % Na20, U % A120 and 1 % ZnO are added: 0.3 % %*>£> and 0.13 % 
CeO plus varying small amounts of gold ( £ 0.1 to ^ 1 % ) in form of 
HAuCl · nHpO. All percent indications refer to weight. The glass was 
formed by heating this mixture to Τ = ІІ+ОО С for about 8 hours. Then 
the liquid glass was poured on a metal plate for rapid cooling. The 
glass obtained is colourless and transparent. Afterwards it is ir­
radiated by Y - rays in such a manner, that the whole volume receives 
the same homogeneous intensity. After warming up the glass to its 
softening temperature ( Τ = 530 С ) for some time, it gets a ruby 
red colour, remainig still transparent. Long ago, Faraday discovered 
that the colour is due to small clusters of gold dispersed through 
the glass. 
2k 
The processes taking place are not fully understood. However the 
following explanation is widely accepted: During melting, the gold 
is present in the glass in form of ions. As the glass is cooled 
rapidly the solubility of the metal decreases but there is not 
enough time for precipitation to take place and the ions remain 
at almost fixed positions in the solid. By irradiation, photoelect-
rons are ejected mainly from the cerium ions reducing some of the 
gold ions to atoms. Cerium is called a photosensitive agent: it 
works already under the influence of ultraviolet light, but be-
cause the glass is strongly absorbing in this wavelength region 
no homogeneous irradiation can be obtained. Consequently harder 
radiation, in the present case 250 keV, is used. The reduced gold 
atoms act as nucleation centers for the particles to be prepared. 
Upon heating up the glass, the viscosity decreases and the gold 
ions are able to move. By a redox reaction the antimony gives 
electrons to the gold, reducing the latter to atoms: 
Sb+3 + 2Au+ s=c Sb+5 + 2Au0 
The antimony plays the role of a thermoreducing agent. After 
cooling down to room temperature, the particle growth process 
stops. 
This porcedure has the important advantage that by means of the 
radiation dose the number of nuclei and therefore of particles can 
be controlled. Furthermore duration of the following warming up 
determines the size of the particles, together, of course, with 
the total amount of gold in the glass. 
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Fig.l shows the dependence of the number of nuclei on exposure time 
9 . 
as determined by Maurer . Fig.2 presents particle radius as function 
of precipitation time (calculated curve). The growth becomes slower 
in the course of time, indicating the depletion of single gold atoms 
in the matrix and the fact that more atoms have to be added to the 
surface of the particle for a given increment in diameter. 
The particles in the glass cannot be observed directly with the elec­
tron microscope'in a simple manner. Therefore, the glass is finely 
pulverized, added to a small amount of water and stirred. After se­
dimentation a drop of the liquid is put on a Formvar covered micros­
cope grid. After evaporation of the water, the particles could be 
examined. The ones shown in Fig.3 are from a sample containing ~/1 % 
(by weight) jrold. The size distribution is rather uniform, indica­
ting that the particles were heterogeneously nucleated as described 
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Fig.1. Number of nucleation 
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sites vs. irradiation dose . 
Fig.2. Particle diameter vs, 
. 9 precipitation time . 
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Fig.3. Heterogeneously nuclea­
ted particles. 
FigΛ. Homogeneously nuclea­
ted particles. 
above. On the other hand the particles shown in Fig.4 are not uni­
form. They belonged to a sample containing 2.5 % gold in the batch 
composition of the glass. There, homogeneous nucleation probably oc­
curred, i.e. during the warming up period particles were created 
spontaneously at a constant rate instead of their number being fixed 
as in the heterogeneous case. Clearly no uniformity can be expected. 
In addition, already during the glass melting process tiny but macros­
copic grains formed in the otherwise colourless glass: a clear indi­
cation that the solubility limit was exceeded. The spontaneous forma-
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tion of gold particles vas proved by heating up the unirradiated 
sample: it became deep red after a short time. 
Fig.5 and Fig.6 present particle size distributions deduced from 
electron micrographs, for the case of heterogeneous and homogeneous 
nucleation respectively. The total amount of gold metal in the samples 
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Fig.6. Size distribution of 
partially homogeneously nuc-
leated particles. 
was determined from optical extinction measurements described in more 
detail in Chapter IV. There, Eq.(11) gives for particles small com-
pared to the wavelength of light a direct connection between the 
extinction coefficient Y and the total volume of gold N-V per cm" 
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sample. A complication arises from the fact that the optical cons-
tants £., and £
г
 cannot be considered a priori as size independent 
for the particles considered here. Boremus showed that the optical 
constants of gold in the wavelength region between kOOO A and 
Í45OO A are size independent. 
The extinction coefficient was determined with a Gary Model "ih 
spectrophotometer. As reference a unirradiated and not heat trea-
ted glass sample of the same thickness ( within < I/IOO mm ) as the 
one containing gold particles was used. The samples were optically-
polished. 
Fig.6 shows the optical extinction vs. wavelength for gold particles 
of 120 S diameter. 
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Fig.6. Optical extinction of gold particles d = 120 A. 
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The capacitance of the cylinder shaped samples ( typical dimensions: 
15 mm diameter, 1 mm length ) was measured using a conventional 
three terminal arrangement to avoid stray capacitance effects to 
ground. The capacitor was immersed in the Helium bath. Electrodes in 
the form of very thin РЪ- or In-foils were put on the glass sample 
and glued with a small quantity of apiezon grease; evaporated gold 
electrodes were used too. The capacitance bridge was of the auto-
transformer type, GR-I62O-A. The samples had typical capacitances 
between 1 and 5 pF. The sensitivity is frequency and voltage de­
pendent: The frequencies varied from 100 to 10000 Hz and the voltages 
from 0.1 V to 280 V , normally superimposed on a dc-voltage up 
to Uoo V. 
The aim of the experiment was to show the dependence of the capaci­
tance of the glass sample containing small gold particles on the 
electric field strength. The reason for the measurements being made 
at helium temperatures is to prevent smearing out of the discrete 
level structure of the particles by level broadening effects. These 
effects include phonon scattering and electron-electron interaction 
and possibly other phenomena. At low temperatures part of them is 
frozen out so that the electrons have sufficiently long lifetimes 
for being treatable as quasiparticles. For quantitative estimates 
see Ref.1 and Ref. 11. 
In Table 1 the Gorkov-Eliashberg effect for 'Xf is shown, together 
with the actual change in the polarizability «<^  of the particles, 
making use of relation (l8) of section II. 1. For clarity, the 
30 
significance of the kth, 5th, 6th, 7th and 8th column from the left 
is summarized again. 
a. 
25 
30 
35 
1+0 
U5 
50 
55 
60 
S 
(meV) 
0.81+ 
0.1+8 
0.31 
0.20 
0.11+ 
0.10 
0.08 
0.06 
2560 
121+0 
660 
1+00 
21+0 
160 
100 
80 
*
c
- a 3 
χ/0 c w 3 
1.56250 
2.T0000 
i+.28750 
6.1+0000 
9. I I25O 
12.50000 
І6.6375О 
2I.60OOO 
χ*ι/·χ 
1.1 
2.6 
5-7 
11.1 
20.0 
33.8 
5^.5 
81+.2 
68 
97 
133 
173 
220 
27О 
328 
390 
x tönern2 
1.53971+ 
2.67256 
1+.25538 
6.36321+ 
9.07107 
12.1+5^02 
I6 .5868I 
2I.5UU7U 
*
c / « * 
1.01І+8 
1.0103 
1.0075 
1.0058 
1.001*6 
1.0037 
1.0031 
1.0026 
Table 1. Relevant quantities concerning the Gorkov-Eliahberg effect. 
a: particle radius in A 
6: level spacing calculated by means of Eq.(l9) 
E : critical field strength <f/sa, see section II.1. 
Meaning of the other columns described in the text. 
The 1+th column gives the polarizábility of a metallic sphere е<е= a , 
with perfect shielding of the applied field. 
The 5th column gives the quantity relating the dipole moment of the 
small particle to the internal field if = Χ» 'К, = V-Χ· E", 
r
 loc loc, víiere 
si 
X is the susceptibility as usually defined ( Polarization Ρ = D/V = 
X · E, ). X^1 is erraneously denoted by polarizability in Gorkov and 
Eliashberg's paper. In reality it is an unmeasurable quantity. 
The 6th column gives the ratio of X,,"* and «c = a , i.e. the erraneously 
supposed enhancement of the polarization response to an applied field. 
The 7th column gives the polarizability o< of a small sphere D = ο(·Ε , 
where E
n
 is the externally applied field. As can be seen, its value is 
slightly less than c<c . 
The 8th column gives the ratio of the classical polarizability divided 
by the real polarizability Ы. : its value goes over to 1 for a-»·00. 
The average level spacing was calcu­
lated by means of the electronic specific heat: 
s= 2- ^:/ in) 
3· V- у 
where v- is the coefficient in the linear law of the electronic specific 
heat С = -тг-Т. The factor 2 arises from the fact that the levels are 
e 0 
3 2 12 
spin degenerate. For gold у = Tik.2 erg/cm deg . 
The dielectric constant of a composite dielectric consisting of glass of 
dielectric constant £„ containing a small volume fraction ρ =2--N;V'¿of 
conducting material dispersed as small spheres is given to first order by 
ec = (i + 3 ZNiVi) (2o) 
N. is the number of particles of volume V.. For small particles a 
change of the metallic polarizability by a factor 0L occurs: 
SC: - £„(l*3Z?iNiVi) (2l) 
32 
The trouble is that unlike the predictions of Gorkov and Eliashberg 
2 -2 
Ç; is not a factor of order 10 , but of 10 , and then the other way-
round, see table 1. If the predictions had been correct, the change 
in dielectric constant should have been noticed - for estimates see 
Ref.(lU). But this did not happen to be the case. All measurements 
of the capacitance as function of the applied field, represented in 
a cartesian coordinate system yielded straight horizontal lines, when 
the abscissa is taken as field axis and the ordinate as capacitance. 
The real change of the polarizability is too small to be noticed 
due to the small concentration of gold particles in the glass. 
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C H A P T E R III 
MAGNETIC MOMENT OF SMALL INDIUM PARTICLES 
III.1 The Kubo model and the equal level spacing model. 
As pointed out in Chapter I, the electronic model of small metallic 
particles developped by Kubo is based on two fundamental assumptions : 
1) The energy levels are Poisson distributed. 
2) The particles are charge neutral, i.e. no fluctuations of the 
number of electrons occur. 
Both premises have been dealt with in Chapter I at some length. Here, 
the consequences with regard to the magnetic properties are presen-
ted, and some supplementary remarks to the original paper are made. 
The customary procedure of deriving the magnetization is as follows: 
Once the level structure of the system as a whole is established, the 
partition function is formed and, by subsequent differentiation, the 
thermodynamic quantities are obtained. The important novel features 
in the case of small particles are: 
1) The canonical partition function may not be replaced by the grand 
canonical partition function. The latter is more agreeable to calcu-
late but includes charge fluctuations - see Chapter I. 
2) In principle, the partition function should be set up for each 
particular level scheme belonging to an individual particle. As 
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measurements are not done with a single particle, two averaging pro­
cedures must be carried out. The first average is over the level dist­
ribution of an assembly of particles having the same number N of atoms 
and therefore the same cf . Secondly, the average over the particle size 
distribution ( i.e. different N ) has to be made. Whereas the first 
step is basic and reflects, in Kubo's model, the randomness of the 
electronic interaction with the wall of the particle, the second is 
not of physical significance, but must be considered as a nuisance 
for the interpretatici' of experimental results because it is impossible 
to make particles of the same size. 
For an assembly of particles with fixed σ the averaged logarithm of 
the partition function/logZ(H,T)^ has to be calculated. Then, from 
the free energy F = -k-T ^ logZ/ , the magnetic moment is obtained: 
M ( H ) - - & M ¿Η
 τ 
The canonical partition function of a quantum system with energy 
eigenvalues E. is given by 
Z=ZeEjk'T (2) 
where each level E. is counted separately. If E. is η - fold degene-
1 lo 
rate, the value E. has to occur η times in Eq.(2). Treating the system 
lo 
as built up from N noninteracting (quasi)electrons, the energy values 
E. can be expressed as 
F i - Σ η « ε , (з) 
к 
where η = 0,1 depending if the single particle state |k/ is occupied 
зб 
or not. Of course the auxiliary condition 
Σ η
κ
 = N M 
has to be fullfilled. Therefore, Eq.(2) can be written as follows 
(Ν) 
~2 f-r\ V 2 -РЫл+гУ&і*· (5) 
where J¿_ means, that Eq.(^) must be taken into account. 
In order to get rid of condition (h) so that the calculation of (5) 
2 is less tedious, one makes use of the following trick : One defines 
the analytic function 
f(2) = £ Z ( T , N ) Z N 
N = 0 
oo 
N = 0 L »цго.і 
η^Ο,Ί 
ε^ \^ у 
-π ς (..-^) w 
к " «^=0,1 
In this expression no auxiliary conditions occur any more. To get 
the partition function Z(T,H) for N electrons, one applies the resi­
due theorem, which says that 
1 
Z f t H V ^ o 
f M 
N+1 
- с і г W 
where the integration path is around the origin. 
According to Kubo, the single particle spectrum is set up as follows, 
taking into account the magnetic energyÍXLH : 
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f o = 0 ^ B H (S) 
where £
β
 i s t h e Fermi energy and £ ¿ > 0 . 
Р ^ и 
Then, Eq.(8) gives for the partition function, putting у = e 
Z ( T H ) - - L ¿ ^ WU* f е-Р£ЛТГ(і + гуе-Р £
і) 
2πι О 
χ 
.ι 
* ТТе^ (3) 
||e = e , where Ε (θ) is the ground state energy. This term 
has been neglected in Kubo's paper , without consequences for the re­
sults obtained for the magnetization. 
The distribution of factors 1/z in Eq.(9) on the product terms with 
f_ fío , leaves one or zero factor 1/z in front of the whole expres-
sion, depending on whether N is even or odd. Obviously 
0< = 1 if N even 
<* = О if N odd 
Here, the odd-even difference as mentioned in Chapter I can clearly 
be seen. 
The average of log(Z) over the Poisson level distribution cannot be 
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calculated exactly. But for low temperatures the following approxi­
mation can be made: Ζ is decomposed into two parts, one containing 
after averaging of log(Z) terms of order -1 of higher in Bc5" , and 
one containing terms of order smaller than -1. In the quantum size 
limit BS> 1 , only the first part is considered. The actual calcula­
tions are carried out in Ref.(l). The results are: 
For particles containing an even number of electrons 
and for particles containing ал odd number of electrons 
Modd - / ' β ^ ί ρ / ι . Η ) (i-i) 
Eq.(lO) and (11) are v a l i d i f ß<f»a and wBH <o · Denton e t a l . no t i c e 
t h a t 0 Í should be b igge r than 10, a l though without g iv ing e r r o r e s t i -
3 
mates . There fore , when the measurements are performed between 1 К and 
k.2 К on systems a p p r o p r i a t e l y descr ibed by E q . ( l O ) , (11) t h e c o n d i t i o n 
U0\\<S i s f u l f i l l e d for a l l o b t a i n a b l e f i e l d s . M and M , , a r e p l o t -
" в even odd r 
t e d in F i g . 1. 
It is interesting to note that the magnetization of an odd particle 
behaves in first approximation like a free electron spin, in spite of 
the random level distribution where small spacings have large probabi­
lity. The effect of small spacings is brought out more clearly for 
the susceptibility X , because - for given N and therefore о - it r
 even '
0 
does not go to zero as T—>0. The magnetic susceptibility is 
Xeve, « 3.041 / X Î / J - (12) 
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Fig.1. a: Magnetic moment of even particles cal­
culated for Kubo's Poisson distributed level 
scheme. Ъ: Magnetic moment of odd particles, 
according to Kubo. 0 does not occur as a pa­
rameter in this approximation. 
which is even bigger than the classical Pauli value of spin paramag­
netism. Χ ,, has a Curie type behaviour 
odd 
X )dd 
τ 
c= Λ (ß) 
Í+O 
ι — 
Fig.2. a: Magnetic susceptibility of even particles, 
calculated for the Kubo and the equal level spacing 
case, b: Magnetic susceptibility of odd particles. 
The dashed lines indicate, where Eq.(12) and (13) 
are no longer valid. 
Plots of X
e v e n
/ X
 p a u l i and X o d d / X p a u l i as function of fS are 
shovn in Fig.2. 
For reasons given in Chapter I it is interesting to see the effect 
of replacing the random level distribution by the equal level spa-
cing scheme . The equal level spacing case offers the important ad-
1+1 
vantage of exact calculability as is shown in Appendix I. The re­
sults for the magnetic moment per particle are: 
oo -В<Г(п+іУ- ,
 Ч л
 .A 
M 2 i : ( 2 h + 2 ) e
r
 sinh ((2г.+2)р/*вН) 
eve, ^. (-,
 + 2 f. еКС-О^Ц^^и) ^ 
r\=o 
The susceptibilities ^ =—I are: 
h=o 
» -pin (wtl) .Ζ 
ιη=β 
Eqs.(ll+) - (IT) are plotted for some illustrative parameter values 
in Figs.(2),(3)· In the quantum size effect limit, the magnetization 
of the odd particles is very similar for the Kubo and equal level 
spacing model, indicating that the free spin behaviour of the odd 
particles is rather insensitive to the actual form of the level dist­
ribution. If fiJ->oo Eq.( 15) and (17) reduce to Eq.(ll) and (13). Quite 
contrary, the magnetization of the even particles is much smaller 
for the equal level spacing model than for Kubo's model: The absence 
of arbitrarily close energy levels requires a finite H field to in­
duce a spin flip. Whenever repulsion of the energy levels occurs, 
X should become zero for T~>0. even 
In Fig.U the magnetic moment of odd and even particles with equal 
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Fig.3. a: Magnetic moment of even particles for the equal 
level spacing case. In addition, the Pauli value of 
spinparamagnetism, denoted Ъу P, is shown for the same 
values of cf. Note that in the case Τ = h.2 К/сГ= 1.5 К 
the two curves coincide, because the quantum size condi­
tion β<Γ» 1 is not fulfilled. 
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Fig.3. b: Magnetic moment of odd particles. In the limit 
SiT-boo , it is the same as in Kubo's case^Fig.S. For 
βίΓ< d. , the Pauli value, denoted by P, coincides with 
the one of the equal level spacing model. 
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& =1 К) and even particles (dashed line, T=0 Κ,Λ" =1 К) for the 
equal level spacing model. For odd particles, note the alignment 
of the unpaired spin at 0< H-< 8 kG. 
level spacing is shown withyUßH varying over a range bigger than S , 
the condition ßci»! still being fulfilled. For odd particles one noti-
ces first the alignment of the free, unpaired spin moment. When the 
magnetic moment becomes so strong that ^u^W-o\ a spin flip occurs, 
making the magnetization 2we larger. The same occurs for all fields 
H where 2«
β
 Η = и £. 
For even particles, all spins are paired. The magnetization is due 
only to spin flips. 
ie 
I I I . 2 Experimental procedure, 
Small particles of indium vere prepared by evaporating the metal 
into a helium gas stream - see Fig.5· Indium wa^ chosen because of 
3 & = 
He gas out 
PUMP Τ 
He <£s in 
THERMOSTAT 
Fig.5 . Metal evaporator. 1: Quartz tube, 2: Al CL 
:ible, 3: oven, h: paraff in, 5: p i s ton. crue 
its low chemical reactivity at room temperature, its suitably lov mel­
ting point and sufficiently high evaporation rate. Evaporation occured 
in a Al 0 crucible at 900 C. At this temperature the vapour pressure 
-2 5 - -k -3 
is about 10 Torr and the evaporation rate probably 10 to 10 
-2 -1 gem sec At those high temperatures indium particles easily oxidize. 
kk 
Therefore, care has to Ъе taken that the apparatus is leak tight. 
High temperature resistent apiezon H grease was used between the 
glass-glass joints of the evaporator. The helium gas was taken out 
of a liquid helium dewar. Purified helium from a pressure bottle 
was not clean enough to suppress oxidation of the particles. The 
glass parts exposed to high temperatures were made from quartz. 
The space between the evaporator tube and the outer wall of the 
oven was filled with celite. Current heating was regulated by means 
of a thermostat connected to a NiCr-Ni thermocouple sensor. 
The warm helium gas containing the indium particles streamed through 
a connecting tube into a double walled glass tube, containing liqui­
fied paraffin . The paraffin melts at 50 С and is kept liquid by-
warm water flowing in the outside jacket of the collector tube. A 
considerable fraction of the indium particles was retained in the 
paraffin. 
Before operation the liquid paraffin was pumped on for several hours 
in order to remove trapped gas. Subsequently helium was allowed to 
stream through the apparatus for about 2 hours before warming up. When 
the temperature reached its correct value, the paraffin was put into 
the gas stream by means of a teflon piston. The pressure of the gas 
stream could be adjusted by means of a needle valve. Normally a pres­
sure of 30 Torr at a gas flow rate of /v 10 Torri/sec was main­
tained. It is conceivable that by changing these values, together 
with temperature, the particle size can be changed too. Wo care­
ful study of the whole process has been made. 
The particles suspended in the paraffin give rise to the characte-
U5 
ristic' colours of metal colloids so long as the concentration is low 
enough. In the present case the colour was initially light yellow, 
turning darker in the course of time. With increasing concentration, 
the particles formed black clusters and precipitated. However, elect­
ron micrographs prove that the particles in the clusters are still 
separated from each other and do not coagulate into bigger ones. By 
dissolving paraffin containing such clusters in CCI, , the particles 
can be separated again, see Fig.6. 
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Fig.6. Indium particles 
Another method of producing small particles consisted in evaporating 
indium çtfi a glass plate in a normal evaporator in presence of a low 
^ . 8 
pressure of clean helium gas ( p~ 2 Torr ) . Samples were prepared 
by mixing the very fine indium dust with paraffin. In this case the 
sizedistribution was broad, including particles of macroscopic size 
1+6 
as could be seen from the magnetization М(Н), which showed at low 
temperatures the diamagnetism of the bulk superconducting indium 
superposed on the magnetization of the rest of the sample. The 
effects of possible oxidation were not noticed. 
The magnetic moment of the samples was measured with a Foner vib-
rating sample magnetometer in the temperature region k.2 to 1.5 К 
and at fields ranging from 0 to 50 kG. Measurements at liquid nitro­
gen and room temperature, and for comparison also at k.2 and 1.5 K, 
о 
were done with a pendulum magnetometer . 
III.3 Results. 2 2 
Fig.(T) and (8) show a typical magnetization curve of a paraffin sam­
ple containing small indium particles. At fields up to k kG the mea­
sured total magnetic moment is positive; at higher fields it becomes 
negative and eventually assumes a linear dependence on the field H 
at about 20 kG. Magnetization curves are reversible within the mea­
suring sensitivity. From measurements on pure paraffin it is conclu­
ded that the measured magnetic moment, curve I in Fig.(7)» consists 
of two parts: a diamagnetic part, mainly due to paraffin and beha­
ving linearly as a function of H and a saturating paramagnetism due 
to the indium particles. To obtain the paramagnetic contribution alone, 
the diamagnetism deduced from the high field magnetization is extra­
polated to H = 0 ( curve II in Fig.(7)) and then subtracted from 
UT 
M (10 e.m.u.) 
Fig.T. Construction of the paramagnetic moment of 
indium particles. 
+ 02 · 
Fig.8. Measured magnetic moment of sample near region 
where it changes sign. 
curve I: Then, one ohtains a saturating paramagnetic moment as exhi-
bited by curve III, Fig.(T). 
kÔ 
Some dangers are involved in this procedure: all linear contribu-
tions to the magnetization are subtracted, also the ones possibly 
originating from the particles ( diamagnetism ). Relatively small 
errors in the steepness of curve II result in noticeable variations 
of the saturation magnetization M and saturation field H . The 
S s 
latter quantity is badly defined if the magnetization is asympto-
tically approaching the value M . In the present case, the quoted 
value of H should be understood as a consequence of the construc-
tion and certainly not as a property of the real magnetization 
curve. The parts of М(Н) far below H are least influenced by the 
S 
construction.-All these problems would be eliminated if it were 
possible to do measurements on particles alone; unfortunately this 
is not yet the case. Fig.9 shows magnetization curves at different 
temperatures. Fig.10 represents a histogram of the particle size 
distribution as derived from examination of electron micrographs. 
The resolution of the microscope is about 5 A. 
Π \ II 
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+ 1 
j e m и ; 
1 5K 
^ ^ ' /2 5 
/ --3 5 
/r"^ ® 1 
10 20 30 H(kG) 
Fig.9· Magnetic moment of indium particles, construc­
ted according to the procedure explained in Fig.7· 
Ь9 
Fig.10. Size distribution of indium particles. 
A magnetization curve of a sample containing large superconducting 
pieces of indium is shown in Fig.11. The sample was prepared accor­
ding to the method of Kohayashi et al. As the superconducting 
1 2 3 4 5 
Fig.11. Magnetic moment of sample containing large 
pieces of indium. 
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state is suppressed by a field of about 1 kG at 2.3 K, one may con-
clude that the particles are of large size, £, 100 A diameter . Oxi-
dized particles have been measured too. They were produced by admit-
ting air into the helium gas stream and were grey or yellow coloured. 
They showed no nonlinearities of the М(Н) curve - see Fig.12. 
10 20 30 
0 
-1 
-2 
-3 
-4 
-5 
-6 
-7 
-Θ 
Fig.12. Magnetic moment of sample containing oxi­
dized particles. 
Measurements on bulk indium exhibited no nonlinearities except those 
due to superconductivity. 
One of t h e samples has been measured a t room and l i q u i d n i t r o g e n tern-
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peratures over a restricted field range: no difference, within the 
error limits was observed, whereas at k.2 К the paramagnetic cont-
ribution was clearly measurable and increased by lowering the tem­
perature to 1.5 K. An additional check was to divide a sample into 
two parts and to measure each of them separately. In each case a 
corresponding reduction of the effect was observed. 
22 III.U. Discussion. 
The measurements described in the previous section suggest the pre­
sence of a small particle effect. Therefore, it is worthwile to check 
the applicability of the Kubo and Kubo-like theories, although one 
has to bear in mind that spin paramagnetism is not the only quantity 
possibly influenced by the discreteness о I' the energy levels. 
Treating indium in the free elec­
tron approximation, the average level spacing £ is given by Eq.(8) 
of Chapter I. The relevant material properties of indium are taken 
from Ref.(12). They are: 
22 -3 
e l e c t r o n c o n c e n t r a t i o n : η = ΙΙ.ί+9 · 10 cm 
Fermi energy: £
т
= 8.6θ eV = 9.98-10 К 
The average level spacing in К of a particle of diameter d is shown 
in Fig.13. For later use a graph displaying the number of atoms in 
a particle vs. d is shown in Fig.lU. 
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Fig.13. Levelspacing Τ calcu-
L· 
lated according to Kubo vs. in­
dium particle diameter dì ò = keTp 
Fig.IH. Number of atoms N in an 
indium particle of diameter d. 
Knowing S , it is easy to try to fit the Kubo formulae (10) and (11) 
resp. the expressions of Denton et al. (iM and (15) to the measured 
curves of the type exposed in Fig.9· 
For particles ó 50 A diameter Τ £15 К, where к Τ =o . According to 
3 the already mentioned criterion of Denton et al. , at least for the 
measurements at 1.5 К the application of Kubo's equations is justified. 
The even particles are giving a nearly linear contribution to М(Н). 
Therefore, because of the construction of the М(Н) curves described 
in section III.3 ( Fig.7 ), it is sufficient to compare the functions 
Μ ,, with the measured paramagnetic moment. This is done in Fig.15. 
The Kubo curves denoted by К are scaled such that their saturation 
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Fig.15· Comparison betveen theory and experiment. 
M: Measured magnetization. 
K: Kubo magnetization, scaled to reach the same sa­
turation value as M. 
ELS: Equal level spacing case. For the magnetic mo­
ment the actual size distribution is taken into 
account and the same scaling factor is used as for K. 
magnetization is equal to the one of the measured curves. Obviously, 
the agreement is very poor. The spin moment yU
e
 is too small to account 
for the observed saturation at 20 kG. This circumstance remains un­
changed by considering other level distributions because the one free 
spin can never saturate quicker than with tanhi^e" / ^ в )· The in­
crease in saturation magnetization could be explained by the larger 
5h 
number of particles for which the quantum size effect condition is 
fulfilled. Furthermore, the observed magnitude of the paramagnetic 
moment is reasonable: The number of spins required multiplied by the 
average particle size gives a total amount of 0.05 g indium. This 
is about the quantity of metal estimated to be present in the sample. 
The main problem is to give an 
explanation for the large discrepancies in the saturation fields of 
Fig.15· Several aspects have been neglected up to now, such as 
- diamagnetism 
- superconductivity 
- adsorbed paramagnetic molecules. 
First some remarks concerning the diamagnetism: The reason that in 
bulk metal the free electrons give rise to diamagnetism lies in the 
occurence of Landau degenerate levels. As /A-^^o in the case consi-
dered, this degeneracy should not occur in small particles. Although 
investigations concerning geometrical size effects of the Landau dia-
13 
magnetism were carried out , no work exists, to our knowledge, on 
diamagnetism in the quantum size effect region. It is conceivable 
that the diamagnetism is largely quenched. Assuming that the suscep-
tibility of indium becomes paramagnetic at low fields, the diamagnetism 
should reappear for higher fields and reach its limiting value around 
20 kG. But this seems rather improbable, because the magnetic energy 
is still much lower than ¿ and the cyclotron radius is still orders 
of magnitude larger than the particle dimensions. 
Superconductivity in small particles can occur at higher temperatures 
55 
. Il* . . . . 
than for bulk material . The relation for critical field vs. particle 
dimension and temperature is about: 
H
'~
 І 1
ІГ
2
- ' t = í < ° - s (18) 
Τ is the transition temperature of a particle of diameter d. The 
magnetic moment produced by superconductivity is never paramagnetic. 
Therefore, superconductivity alone can never account for the obser­
vations; also, taken together with the Kubo spin paramagnetism, the 
strong temperature dependence expressed in Eq.(l8) should be reflec­
ted in the measurements. This is not the case. Therefore the conclu­
sion thß.t the superconductivity effects are small seems justified. 
This is plausible in view of the fact that the penetration depth 
Λ ( Τ = 0 ) is 61*0 A , which leads only to very incomplete magnetic 
shielding, even at Τ = 0. A further point to be examined concerns 
the adsorption of paramagnetic impurities on the surface of the par­
ticles. Oxygen seems to be the only realistic candidate. The level 
scheme of the oxygen molecule, taken from Ref.(l6) is depicted in 
Fig.16. Unfortunately, the magnetic behaviour of 0 cannot be descri-
J = 3 26.38 К 
J = ¿ 23.56 
K--3 ^ J = ? 2 3 · 3 8 
J = ' 
J = l' 
5 70 
3 00 
K=1 
Fig.l6. Ground state and low lying excited 
1 fi 1 fí 
states of the oxygen molecule 0 - 0 . 
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bed by a Brioullin function, as the level distances are comparable 
with kgT for 1 K<: T< k.2 K. However, the maximum magnetic moment 
which can be reached at low temperatures is 2 u& , which is not suf­
ficient to give saturation around 20 kG. Interaction of the oxygen 
molecule with magnetic neighbours seems a farfetched explanation; 
the same applies to hindered rotation by cristalline field effects. 
Although some of the above considera­
tions are rather vague, reflecting the lack of experimental and theo­
retical investigations, it seems most likely that the observed magnetic 
behaviour of the samples must be attributed to a paramagnetic moment 
belonging to the indium particles, which is much stronger than the 
one free spin of the odd particles in the Kubo model. A particularly 
simple way of getting large moments is suggested by the spherical 
form of the indium particles - see Fig.6. One has to bear in mind 
that on the electron micrographs deviations of less than 5 A from 
sphericity cannot be seen, because of the resolution limitation 
of the microscope. Forgetting the de Broglie wavelength arguments 
of Chapter I and assuming the indium particle as ideally spherical, 
it is obvious that, due to angular momentum conservation, orbital 
paramagnetism should appear. To get a more quantitative view, it is 
assumed that the electrons are noninteracting, having no spin-orbit 
coupling and being exposed to an infinitly deep spherical square 
well potential, i.e. 
V ( r > =0 Γ ΐ α tu) 
V(r) =. OO r> CL 
57 
The stationary solutions of the Schrödinger equation 
are then 
with energy values 
ε = 2m 
(22) 
j, are spherical Bessel functions of order 1 and Y spherical har­
monics. Allowed values of k, for each 1, are determined by 
je(kna) = 0 (23) 
Following the usual notation, the energy levels are labeled by four 
quantum numbers n,l,m,s where 
η = 1,2,3.·.. for each 1 
m = -1 +1 
m — г 
s 
In order to set up the level scheme of the particle, knowledge of the 
к values for each 1 is required. Except for 1=0, this is a rather te­
dious job to do, because transcendental equations have to be solved. 
However, in the present case it is only of interest to find the level 
of highest energy which is filled by electrons, because at Τ = 0 and 
low magnetic fields, it is the only magnetically active level; all 
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others, which are completely filled or empty do not contribute to the 
magnetism. If the neighbouring levels are separated far enough, this 
holds also for Τ ^ 0 and larger magnetic fields, as long as no level 
crossing occurs. 
To get ал idea of the order of magnitude of possible 1 values belon­
ging to occupied levels in a small particle, one makes use of a theo­
rem on spherical Bessel functions, which states that the energy levels 
£ are arranged in the following manner: 
For 1 = 0 , the values £ _ are known: 
' n,0 
η,ο 2m 
(Xf - n* (
М
) 
To get the maximum possible 1 = 1 for which the level £
 л
 . can be 
max 1,1 
occupied at Τ = 0, the approximation 
is made, see Fig. 17· 
Now it is possible to count the number of states N up to a given 
energy £ A . One gets: 
N-10(A-1) +16 Σ ( А - ) (2 8 ) 
The maximum p o s s i b l e 1 = 1 up t o £ . _ i s , according t o (27) 
* max ^ A,0 ' & 
^ α χ = 2 A ~ 3 (29) 
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This enables one to draw the graph N vs. 1 , which is shown in 
max 
Fig.18. The particle size corresponding to N electrons is deduced 
k from Fig.1U.One notices that for N = 10 the particle diameter is 
d = 55 S and 1 =30. 
max 
-n 
n= 
1=0 
1 
2 
3 
5 
6 
7 
8 
9 
F i g . I T · Counting of ( k ) - s t a t e s for t h e i d e a l 
sphere model, n: main quantum number, 1: o r b i ­
t a l quantum number. 
io 20 эо ua so « 70 
Fig.18. Number of atoms in particle vs. maximum 
1 which is occupied at Τ = 0. 
бо 
As the exact position of the £ , 1> 0 are not known, the average 
levelspacing <r near the highest occupied levels is approximated by 
dividing the interval £
Пі<>
- ε,,-,^, within which 1 is lying, by the 
total number of 1-degenerate levels within this interval. The 1 
vs.O" is shown in Fig.19· 
max 
10 20 30 40 50 60 70 80 
Fig.19· Average level spacing between adjacent 
Zeeman levels. 
Let the highest occupied level be £„ ¿ , and Ρ the number of electrons 
accomodated in this level. Obviously 0 έ Ρ* 2(2?
β
+ΐ) and Ο ± £0¿ ^
в у
 . 
The grand canonical partition function j? (ξρΗΤ)ΐ3: 
¿cc- Τ, (^aP(£i-W) (30) 
where £
с
 = 1>(
в
Н(т*25)апа ξ
ρ
 is the chemical potential derived from the 
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equation 
nn = -e ^ 
i -2 
(31) 
Introducing the reduced chemical potential 
Fp = ^ Л н ) " 1 è Ρ (32) 
one gets for the magnetization: 
V m + 2s 
M P = 4 - , ^
 pP/.eH(W^s-lf(H,T))-/
t
» Oí 
If the prohahility for the allowed numbers of Ρ to occupy level 1 is 
taken to be constant, one gets the average magnetization M of the 
level £
n β
 as: 
Μ (Ηγ}
 =
 _ J — ¿ I Mp (st) 
taking into account that Ρ = 0 and Ρ = 2(21 + 1 ) give zero magnetic 
moment. 
The reason for the use of the grand canonical ensemble is its con­
venience for calculations. As the odd - even distinction emphasized 
in Chapter I is no longer of significance in this new model, its 
application is justified. 
Fig.20 shows 5p(HT^, calculated from Eq.(32). The magnetization 
curves M are given for 1 = 5,10,15,20 in Fig.21a-d. The saturation 
moment, indicated in the figures, is given by 
M , as function of 1 is shown in Fig.22. 
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Fig.20. Reduced chemical potential as function 
of magnetic field. 
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Fig.21a. Magnetic moment of ideal sphere model, 1 =5· 
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Fig^Tb. Magnetic moment of ideal sphere model, 1 =10 
10 20 30 40 50 
Fig.21c. Magnetic moment of ideal sphere model, 1 =15. 
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Fig.21d. Magnetic moment of ideal sphere model, 1 =20 
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Fig.22. Saturation magnetization of level with, orbital 
quantum number 1 . 
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For comparison of the magnetization (ЗМ with experiment, an addi­
tional averaging over all possible 1 should be made for each par­
ticle size. In view of the computer time which would be required, 
this has not been done. Instead a single, favorable value of 1 is 
chosen and should be considered as determining the mean orbital mo­
ment of the spherical particles in the sample. 
In Fig.23a the calculated magnetization for 1 = 13 is shown. Taking 
into account the construction of the magnetization curves in Fig.7, 
the almost linear high field part of the calculated magnetic moment 
is subtracted. This is shown in Fig.23b together with experimental 
curves. The measured curve for 1.5 К is fitted to the saturation 
magnetization of the theoretical curve. The scale factor thus ob­
tained is used for the measured curve at k.2 K. It is evident that 
the fit of experiment and theory is much better now than with the 
Kubo model - see Fig.15 - despite of the crudeness of the approxi­
mations. 
17 . . 
Van Gelder dealt with the problem of almost spherical particles. 
The nonsphericity causes the 21 +1 Zeeman levels to split in a band 
still narrow compared with the average distances 0" between neigh­
bouring bands. An especially remarkable feature of his results is 
that the magnetization is no longer a function of the argument [/*al. I 
as is the case for the experimental curves of Fig.9. Fig.2h repre­
sents the calculated magnetization curves of van Gelder together 
with a comparison with experimental results. As the calculated cur­
ves tend to the same saturation magnetization, the linear high field 
part of the magnetization is subtracted too. 
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Fig.23. a: Magnetic moment of ideal sphere model with. 
1 =13. After applying the construction of Fig.7 the 
curves for (b) axe obtained. Measured curves denoted 
by m. 
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30 Н[к6) 
Fig.2k. a: Magnetization curves according to van 
17 
Gelder's model. b: Comparison with experiment. 
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Of course the difficulty remains to explain why an electron feels 
the (near-) sphericity of a particle although the de Broglie wave-
length is of atomic dimensions. This suggests a totally different 
approach to the problem: In Chapter II it is mentioned that the 
electrostatic screening of charges in a metal is reduced if the 
electronic spectrum becomes discrete, increasing the electrosta-
tic repulsion of the electrons. Quantum mechanically this leads to 
an enhanced exchange interaction, thereby tending to keep the elec-
trons apart by alignment of their spin. Qualitatively, this opens 
a possiblity to interprete the large magnetic moments not with an 
orbital but with a spin model. Surface roughness would not be impor-
tant any more; only the discreteness of the spectrum, which is a 
volume effect, comes into play. However, these and many other pro-
blems should further be investigated, experimentally and theoreti-
cally, for giving definite answers. 
1R 
Comparison with existing NMR and ESR measurements is not easy 
in view of the rather contradictory observations. The one thing 
being verified beyond doubt is the absence of Knight shift in some 
19 
of the particles , which have been assigned - according to the 
*) Kubo model - as the even ones, where X —> 0 and therefore also 
the Knight shift shou.i d vanish. Two remarks should be made here: 
- Also in the orbital magnetism model no Knight shift is expected 
for those particles which have only completely filled or empty 
shells. For the others, no magnetic resonance should be observable 
for the same reason as is valid for the odd particles in the Kubo 
The term'Kubo model'refers here to the 'odd-even' d i s t inc t ion 
and not to X—>0 , which is not true for Kubo's l eve ld i s t r ibu t ion . 
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model. Therefore, only one line corresponding to zero Knight shift 
should appear. 
- The orbital model does not replace the Kubo model for the cases 
where no spherical symmetry of the particles exists. It is easily 
possible that only a small percentage of all the particles of a par-
ticular sample are spherical. Because of their large magnetic moments, 
however, they contribute much more to the magnetization than do the 
Kubo particles. 
Furthermore it should be noted that some obscure remarks exist in 
the literature on the magnetic behaviour of very small particles in 
. 20 . . . 
the quantum size effect region . Due to imprecise descriptions of 
tie observations, no comparisons can be made. 
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C H A P T E R IV 
OPTICAL EXTINCTION OF SMALL MERCUEY PARTICLES IN THE NEAR ULTRAVIOLET 
IV.1 Optical properties of small particles. 
Any particle which is exposed to an incident beam of electromagne-
tic radiation removes some intensity by scattering and absorption. 
Principally, the Maxwell equations offer the possibility to describe 
these processes. But only in a few cases, where the particle shape 
is particularly simple, predictions can be made which allow compa-
rison with experimental results. For the case of spherical partic-
les a full solution of the problem was worked out by Mie . Being a 
phenomenological treatment the complex dielectric constant of the 
particle enters the calculation as the only material property. It 
is a lengthy exercise in classical electrodynamics which was re-
2 
peatedly elaborated by many illustrious workers . In view of the 
experiments described in section IV.3 only some simple results of 
this theory are required. The quantity of interest is the attenua-
tion of an unpolarized monochromatic light beam after having passed 
through a medium containing spherical particles. Avoiding detailed 
calculations, a brief outline of the procedure to find the attenua-
tion is presented. 
First, a single particle in a monochromatic light beam is considered. 
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The total scattered intensity I which, is the directional scattered 
' sea 
intensity integrated over the whole sphere, is set equal to the scat­
tering cross section С times the incoming intensity. Accordingly, 
sea 
the particle acts as if the radiation incident on area С were re-
e
 sea 
moved from the beam by scattering. Similarly, the loss by absorption 
which takes place for particles of nonzero conductivity and implies 
conversion of radiation energy into heat, is characterized by the ab­
sorption cross section С . The total loss of intensity, the extinc-
tion, is caused by scattering and absorption together. The corres­
ponding cross section С is defined as 
ΘΧ w 
ext sea abs ( 1 ) 
For homogeneous and isotropic spherical particles the cross sections 
3 do not depend on the state of polarization of the incoming radiation . 
Next, it is assumed that the inci­
dent radiation does not fall on a single particle but on a cube of 
length 1 containing N identical particles per unit volume. In addition, 
the following important conditions are supposed to be fullfilled: 
1) The particles are far enough from each other that the scattering 
is independent. 
2) The particles are far enough from each other that no multiple scat­
tering occurs. 
Then the intensity loss due to N particles is N times the loss due to 
Ih 
one particle and therefore knowledge of С gives immediatly the 
S XTG 
attenuation of the incident beam: 
1(1) = I e"^1 (2) 
where У = N С . . 0 ext 
The problem to be solved is to find the extinction cross section. 
Here, the Mie theory comes into operation. A sketch of the situa-
k tion to be considered is given in Fig.1. The particle Ρ is struck 
Fig.1. The incoming linearly polarized radiation 
(x,y,z-coordinate system) causes scattering by the 
particle Ρ which lies in the center of the spheri­
cal coordinate system (r, ν- ,Φ ). 
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by a monochromatic, linearly polarized plane wave of electric and 
magnetic field amplitudes E and H. The radiation outside the par­
ticle consists of the incident plus scattered wave. The electric 
and magnetic field components have to satisfy the customary boun­
dary conditions at the particle surface. It can be shown that the 
2 
radial components of the scattered wave decay as 1/r , whereas 
the components Ε ρ , Ε χ , Η ρ , Η φ only decay as 1/r. Therefore far 
away from the particle ( wave zone ) the scattered fields are be­
coming transverse spherical waves. They are conveniently related 
to the components E-sintji, E-cosA, H-sini, H-cos^ by the following 
relations 
(ΕΔ
 =
_ ^ - ' ^ ( Ε ) 5 ί η ψ - ^ ( ) (з) 
COS ψ . S/θ) (Ц) 
J<
z
r 
where S^ fG), Я^( ) are the amplitude functions containing the Mie coef­
ficients a , b . kp is the propagation constant of the medium outside 
the particle. For simplicity, it is assumed from now on that the me­
dium has refractive index η = 1. The modifications for η / 1 will 
о о 
be stated later. The explicit expressions for the amplitude functions 
are: 
И
в)=±^(а
п
.Щ?І^Ат^1) (s) 
л[ J
 ^ n(n+i) l siwö d e / 
Sje)
 = £^¡±1 ( α- . ! % $ • к _ * M ) ад 
η =1 \ ' 
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Γι (Ό · 
where Ρ i s an a s s o c i a t e d Legendre polynomial and 
Qn _  η h ) ни*) - ^ Ψ.^)«Κ(χ) φ 
b _ т-УЛц) K(x) -Ψηί^ )) ^ (x) (?) 
Eq.(7) and (8) contain the following symbols: 
/tra. ^ У2 
Ψ
η
 (a·) is a Ricatti-Bessel function of the type f —~-J · Зи+іГ2^ 
where 3 +1(2) is a half integral Bessel function. 
5^ (?) is a Ricatti-Bessel ftmction of the type \^~) Н
л
ч1.(е) 
where M „ vi) is a half integral Hankel function of the se-
cond kind. 
χ is the Mie parameter 2ïï"R/X , where Ris the particle radius and λ 
the vacuum wavelength of the light. 
y = mx, where m is the (complex) index of refraction of the material 
the particle consists of. 
As usual in scattering processes, the forward scattered beam determines 
the extinction cross section of the particle independent of the pre-
JE) 
sence of absence of absorption. For θ = 0, the following relations 
hold: S (0) = S (О) = S(0) = n(n+l)/2. Then, the extinction cross sec­
tion is given by 
C.,* . Ì Re {S(0)}
 (9) 
x
 Υ\ = Λ 
3t) 
In the quantum mechanical treatment of scattering processes the 
same theorem applies. It is often referred to as the 'optical theorem'. 
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Because the particles are spherical and homogeneous, С does not 
GX"C 
depend on the polarization of the incident beam: Eq.(9) may there­
fore be used also for unpolarized light. It is the fundamental rela­
tion which connects the extinction coefficient Y (Eq.(2)) with the 
optical constants of the particles. 
If the surrounding medium is not vacuum but has a real refractive 
index η / 1 , the values of m, χ in the Mie expressions (7), (8) 
have to be replaced by m/n , xn . 
It is interesting to ask which contribution to the extinction is 
larger, scattering or absorption. In the limiting case V—>0, al­
ways absorption prevails if present. This is verified by expanding 
С , and С into power series of the Mie parameter x. The follo-
abs sea 
wing result is obtained: 
Г l o '\ \u " ) * - ! ^ x,3/W-1 ^ ™ 4 2 7 ^ 2 + 3 θ 1 
4- χ 4 
*·{-§• (S&r Л • M 
The first term describes absorption and the second scattering. Ob­
viously, the leading term in absorption is proportional to the vo­
lume of the particle whereas the leading term in scattering is pro­
portional to the volume squared. Therefore, if all parameters are 
constant, С vanishes more quickly for V—>0 than С . For m real, 
sea aus 
С in the above approximation is the well known Rayleigh scatte-
5 Cel 
ring cross section: it is inversely proportional to the fourth power 
of the wavelength. For metals, the scattered intensity is generally 
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-ν. U > 
not proportional to A because the complex refractive index strongly 
depends on A . 
For small enough particles only the term - Iwi І4-х—^— t has to be 
taken into account. Then, the extinction coefficient y becomes: 
y «18ττ-ΝΛΛηΐ·ε
α
/λ[(ε 4 + 2.*ΐΓ * si] (11) 
which is a frequently used equation for determination of the total 
amount N.V of metal in the sample. The range of validity of Eq.(ll) 
has to be checked in each case by comparison with the full Mie ex­
pression Eq.(9)· For the case of silver particles, calculations of 
the intensity losses due to scattering and absorption have been made 
. . . . 7 
by Kreibig and Zachanas as a function of particle size . 
In the free electron approximation a metal of conductivity (Γ has 
the dielectric constant 
£0 is the dielectric constant of the metal after subtraction of the 
free carrier contribution, N the electron density and m, e the elect­
ronic mass and charge. 
Substituting Eq.(l2) in Eq.(11) and assuming that £ 2 does not vary 
I fì Q 
too much near Λ ¡,. _
 7N
 л
, gives ' : 
ϊ =
 λ* ' р ч л - а ^ ει W 
ι 2ттс . ι, о/, 
where Λ., = —[З with LJR = tOp [Z0+2v\l) , where UJp i s t h e plasma f r e ­
quency Чтгиеуг і . ρ i s — -^ taken at А = ^ ц . 
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According t o E q . ( l 3 ) , ν i s a Lorentz ian curve with c e n t e r a tA s ^ R of 
width 
V" (£.+2nî) ~ (It) 
i.e. for sufficiently small particles whose optical constants can be 
described by the free electron model, the width of the extinction 
band is inversely proportional to the static conductivity <r . 
The phenomenological Mie theory does not give physical insight into 
the processes taking place in a particle. However, Wilcox was able 
to show the connection between the Mie coefficients a , b and the 
η' η 
nature of the scattered radiation field . One can consider this 
field as generated by a superposition of oscillating electric and 
magnetic multipoles. The coefficients a and b determine the magni­
tude of the corresponding n-th multipole moments. 
The relation between Ад of Eq.(l3) and the plasma frequency suggests 
that some sort of plasma resonance is responsible for the optical 
properties of the particles in this wavelength region. Recently in 
. 7 
a paper by Kreibig and Zacharias an attempt was made to clarify 
this point. 
The theoretical part of their work shows, that for very small silver 
particles the excitation of surface plasma oscillations by fast 
electrons occurs at the same energy where the terms a of the Mie 
η 
expression (9) give maximum extinction. Therefore, it is concluded 
that the absorption and scattering bands of silver are to be inter­
preted as surface plasma absorption and surface plasma emission of 
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the particles. For larger particles the analogy between electron 
loss and optical measurements fails, because in the latter the phase 
of the light wave cannot any longer be considered as constant within 
the particle. No interpretation of the magnetic partial waves 
corresponding to b is given. Experimentally, the unsatisfactory 
feature of this explanation is that it can only be verified for 
particles so small that only the term a., in Eq^ .(9) gives a signi-
ficant contribution; anyhow, there is much evidence that surface 
and not bulk plasma oscillations are responsible for the optical 
extinction. 
IV.2 Surface tension and optical properties of liquid mercury. 
The optical constants of liquid mercury have been determined by a 
11 . . . . 
number of workers . Common to these investigations is that the 
dielectric constant £ = f,(to)-¿f2(w) obtained by near-normal incidence 
reflectivity measurements ала ellipsometric methods differ consis­
tently from each other. As surface contamination effects can be 
excluded, Bloch and Rice suggest that specific properties of the 
surface zone of the pure liquid mercury may be responsible for the 
disagreement . It is well known from work on surface tension of 
12 . . . 
liquids that the transition from vacuum to bulk liquid is not 
discontinuous, but gradual. The thickness of the transition layer 
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where the density of the liquid varies from that of the bulk to 
zero is usually very small: for a flat surface of the order of 3 Ä. 
In the case of mercury, however, measurements indicate that the 
surface zone is of about 10 A thickness . Accordingly, the opti-
cal properties of this region are probably different from that 
of bulk material. Taking for the optical conductivity an Epstein 
profile in the surface zone, Bloch and Rice were able to reconcile 
the reflectivity and ellipsometric measurements. The effect of a 
surface zone on reflectivity is much less pronounced. 
It seems worthwile to look for evidence of surface effects also in 
connection with optical extinction by small mercury particles. There 
the large increase of surface to volume ratio should reveal sur-
face effects more clearly. 
If the optical constants of the surface zone are different from 
those of the bulk, the differences must have their origin in struc-
tural changes caused by surface tension. It is important to note 
that the surface tension of a very small spherical particle is 
markedly different from that of a flat surface. 
The following results of the theory of surface tension are taken 
from Ref.(12): 
Let d^ , and σ^ » be the thickness of the interface layer ала the sur­
face tension of a flat surface. Then the surface tension of a spheri­
cal particle of radius R, where R > &oo , is given by 
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It follows that for particle diameters2R»o
ai} , <r(R) tends towards Gi„ , 
For smaller particles, a decrease in surface tension occurs. In the 
hydrostatic treatment of surface tension, macroscopic concepts such 
as pressure are applied to microscopic dimensions. The existence of 
surface tension implies that the pressure tensor in the interface 
region is not isotropic as in the bulk liquid. In the interface re­
gion the tangential pressure ρ is different from the pressure ρ 
normal to the surface, ρ is equal to ρ within the hulk liquid for 
equilibrium reasons. The relation between ρ
φ
 and the surface ten­
sion is for a spherical particle 
pWuep 
r(R) = £ [ (p«P-
 ?r)r¿r (io 
where ρ is the pressure within the bulk (=p) and pr the pressure 
far outside the particle (~0 for the system mercury droplet - mer­
cury vapour), ρ is obtained from the familiar Kelvin relation 
p = p = — £ — о?; 
For an estimate, p^ is taken equal to ρ in the interior of the par­
ticle, as it must be, and supposed to be constant within 0 . Then 
one obtains with Eqs.(15),(16) and (17) 
?т
 * - it ^ - Чс^ {Щ 
F o r R » ¿ a , , ff^ = 100 dyn/cm and <£* = 10~ ' cm one g e t s ρ = - ö^/cto = 
3 
-10 atm. As for the absolute value this is obviously much larger 
than p. 
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On the other hand, p-^O if R->cfoo, as it must, because 6"-> 0 for 
R^CÍJO. However, it should be noted that in the limit R-^ cJO,,, the 
first order approximation in Eq.(l5) is no longer valid. 
p o p 
Fig.2 is taken from Ref. 13 and shows p^r , pPr , ρ r for a liquid 
droplet (« ) and its vapour (¡3). The large negative pressure at the 
particle surface is clearly shown. 
У 
Fig.2. Imagined schematic curve for ρ (r). Curve 1: 
ρ ρ -*• ρ 
у = PrpCrír , curve 2: p^r , curve 3: p^r . The area 
of the hatched portion must be always greater than 
that of the dotted portion. Phase(p) is assumed gase-
ous. (From Ref.13) 
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The following considerations where the above surface pressure results 
are applied to a liquid mercury surface are to be understood as a 
sort of guess work in order to make the mercury particle model used 
in section IV.3 more plausible. 
The (Too of mercury against water has the value 375 dyn/cm, which 
according to the model developped above gives a pressure ofjp 1= 
3750 bar for R = oo and <£,«, = 10~' cm. At 22 0C the mercury solid-
liquid phase transition occurs at ρ = II78O bar . Taking into 
account the crudeness of the above approximations (errors in σ^ ,, <£» 
and constant pressure assumption within ¿00) it does not seem com-
pletely improbable that the surface of liquid mercury shows some 
solidlike structure. This possibility was already mentioned by Bloch 
and Rice . Furthermore, x-ray experiments by Rivlin et al. on bulk 
liquid mercury substantiate the hypothesis that the mercury liquid-
solid transition involves subtle processes favouring one phase or 
the other by very small energies, of the order 0.1 eV per atom at 
20 С ' Instead of one main diffraction peak - as usual for 
liquids - they observed an additional bump on the large angle side 
of the peak. This diffraction pattern was interpreted by the authors 
as originating from short lived groupings of atoms, where the 
mean interatomic distances are the same as the shortest spacings in 
the known allotropes of solid mercury. Obviously, it would be very 
interesting to get x-ray information on mercury samples having much 
surface. To this end, small, but not very small, mercury particles 
should be investigated. 
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IV.3 Optical extinction Ъу small mercury particles. 
For optical extinction measurements, interpretable within the frame­
work of Mie's theory, a sufficiently low concentrated suspension of 
mercury particles is needed. A well known method to prepare appro­
priate samples makes use of the fact that many metals, including mer­
cury, can be obtained in the form of colloids by chemical reduction: 
A salt of the metal is dissolved in water, and, by adding a reducing 
agent, the metal ions are brought into the unionized state. The su­
persaturated metal solution is then condensing into small droplets 
of the metal. 
ι Я 
In our case a recipe by Feick was followed: 0.5 ml of 0.5 η Hg9(N0_) 
solution was further diluted by adding 100 ml of 0.1 % gelatine solu­
tion. As a reducing agent, 0.1 η Na?S Οι was used in different quan­
tities. The gelatine plays the role of a protecting colloid, i.e. it 
forms a thin layer around the mercury particles preventing quick coa­
gulation. The size of the particles was found to depend on the amount 
of reagents used. It seems that lower concentrations of the reducing 
agent than indicated in Ref.(l8) favoured the formation of smaller 
particles. To prevent the formation of HgO, the Hg^ÍNO ) solution was 
slightly acidified. 
Checks were made that the chemicals involved did not show signifi-
cant extinction structure in the range 2800 Α ¿λ-ώ 70OO Ä, where 
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the Mie extinction by the metal colloid occurs. Only the gelatine 
makes a noticeable contribution to the extinction below 3500 A: Its 
value steadily increases for λ-» 2700 A where a sharp absorption edge 
is situated, making measurements below this wavelength unreliable. 
Unfortunately the size distribu­
tion of the particles is rather broad which is an inconvenient fea­
ture in relation to the interpretation of the measurements. The 
particle size was determined from electron micrographs. Two typical 
examples are shown in Fig.3. Fig.^ shows mercury particles surroun­
ded by gelatine. The particle shape was spherical. 
N 
Ί—ι 
N 100 200 
Γ ­
η 
Π Γ 
Τ Ί 
. i l IhH Ί Π , 
d(A) 
300 
d(A) 
100 200 300 400 500 
Fig.3. Sizedistributions of mercury particles. 
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fue λ 
Fig.l+. Electron micrographs of mercury partic­
les surrounded Ъу gelatine. 
According to our observations, the average particle size of the col-
1Я 
loid decreased in the course of time. Also Feick noted that the 
hydrosols are the less stable, the larger the particles are. Another 
important hut dubious point is the chemical purity of the mercury 
particles. By analogy with similar experiments on gold and silver 
9 19 20 hydrosols ' ' , it seems justified to expect at least the rough 
features of the colloid extinction to appear. The extinction spectra 
were measured with a Gary Model lU spectrophotometer. As reference, 
a well centrifuged sample of the colloid was used. It was examined 
on any remaining particles with an electron microscope. 
The extinction coefficient of a colloid immediately after prepara­
tion is shown in Fig.5· There is a broad absorption band around 
3300 A which is attributed to the colloid. The shape of the curve 
88 
agrees with the measurements quoted in Ref.(21) on mercury partic­
les dissolved in benzene. From λ = 2800 A in the direction of longer 
wavelengths, the extinction increases sharply to the maximum value 
and then falls off rather slowly. According to our observations, the 
Fig.5· Extinction spectrum of mercury colloid with 
average particle diameter of 2k0 Α. γ in arbitrary 
units, i.e. equal to the extinction coefficient in 
cm up to a constant factor. 
same colloid changes its extinction characterisics in the course 
of time, which is attributed to a change in particle size. Chemi-
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cal changes of the colloid are not hold responsible for the effect. 
Fresh colloids containing small particles showed the same extinction 
features as the ones containing initially large particles after fal-
ling out of the big ones. 
Some samples were made without using any gelatine at all and measured 
immediatly after the preparation. No difference in the extinction 
spectrum with respect to the samples containing gelatine could be 
detected for ^ > 2800 Ä, indicating that the influence of the gela-
tine coating on the extinction is not significant. 
The same colloid measured in intervals of about two weeks gives the 
extinction series of Fig.6. The broad extinction band of the big 
particles decomposes into two bands. The one at longer wavelength 
decreases in magnitude and for the smallest particles only a nar-
row peak around 2900 R remains. 
In order to compare these results with the predictions of the Mie 
theory, Eq.(9) is used for calculation of γ . The optical constants 
25 
of bulk liquid mercury as given by Wilson and Rice were inserted 
into the Mie coefficients. Only the term a contributes significantly 
to the extinction, see table 1 . 
ЯГА) 
3200 
3400 
a* 
8 . 8 ? · ΊΟ"1 
Ь« 
3.S7 •ю"" 
з . я з ю -
4 
о * 
4.4 3 -Ю"4 
ь
а 
£.31 · ΊΟ"* 
Η.44 -W* 
E«,, (ö) 
8.42- 10'л 
S",66· ίο"" 
Table 1. Comparison of the contribution of the first four terms a1,b1, 
a2,b? to the extinction cross section, Eq.(9), for λ =3200 8 and 3k00 X. 
The last column is the analogous quantity calculated for the approxima­
tion Eq.(11). Particle radius 50 X. 
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3000 
дооо 5000 A(Â) 
Fig.6. Extinction spectra as function of average 
particle size: r = — У χ. . 
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The calculated extinction gives for large particles clear disagree­
ment with the measured results, whereas for the smallest particles 
the fit is rather good, see Fig.Ta and Fig.Tb. This is astonishing 
because, when hulk optical constants are used, deviations from the 
theory should occur for small particles, as consequence of a size-
effect. Eq.(lU) gives the width of the extinction hand in terms of 
the conductivity (Γ , which itsself is dependent on the mean free 
path of the electrons. For very small particles, where collisions 
with the wall have to he taken into account in addition to colli­
sion processes occuring also in hulk material, the mean free path 
lin) is approximately given by 
where éOo is the mean free path of the bulk material and R the ra-
dius of the particle. From a quantum mechanical point of view, the 
classical concept of conductivity looses its sense for very small 
о 
particles, as was pointed out by Kawabata and Kubo . For measure­
ments on gold and silver, however, the classical considerations 
using Eq.(l9) give better agreement than the quantum mechanical 
22 
analogues . Then, if Eq.(l9) is applied to Eq.(il) one would ex­
pect broadening of the extinction curve as a shorter mean free 
path implies reduced value of the conductivity. This is what has 
been observed for silver and gold. In our case, quite contrary, 
the extinction curve gets narrower, indicating that no size ef­
fect is present. As the mean free path Ct» of liquid mercury is 
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about 7 A this is not surprising. A much more disturbing point 
is that in hydrosols band broadening occurs by not well defined 
effects of chemical preparation, i.e. purity. By comparison with 
. 22 . . . . 
similar experiments on silver it seems justified to assume that 
the wavelength of maximum extinction should not be influenced and 
remain at the expected position. As this is not the case for mer­
cury particles, it seems worthwile to investigate if some other, 
better defined mechanism is involved. 
To this end, the Bloch-Rice hypothesis on the surface properties 
of mercury is examined. The Epstein profile of the optical con­
ductivity in the surface zone is too complicated to be of direct 
use for the calculation of the extinction. Bloch and Rice note 
.23 that according to Herpin any conductivity profile can always be 
replaced by an appropriately chosen double layer without affecting 
the optical properties of the system. The calculations of section 
IV.2 showed that it is not totally inconceivable that within the 
surface layer some well ordered structure may exist. In spite of 
the crude simplifications, it seems therefore interesting to in­
vestigate the following particle model: 
The particle is built up of two different regions: a central part 
of spherical shape surrounded by a surface layer whose thickness 
is of the order of a few atomic distances. For the optical con­
stants of the surface layer, the ones determined by Muller and 
Thompson for solid mercury are used , whereas for the kernel, 
25 the Wilson and Rice values for liquid mercury are taken. 
It must be noted that the width о of the surface zone and the 
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surface pressure ρ depend on particle size for R->££,, see section 
IV.2. About the function (f(R) the literature does not give concrete 
information. Therefore, as a guess, the width о is taken as a varia­
ble parameter restricted in the sense that it may only decrease with 
decreasing particle size. Within о the optical constants of solid 
mercury are used. 
It is clear that for the double layer model the Mie coefficients 
a , b have to be calculated again. This has been accomplished by 
26 
Aden and Kerker . For the explicit, lengthy expressions the ori­
ginal article is referred to. The notation there differs from that 
used in section IV.1 in so far, as the coefficients a , b corres-
n' η 
pond to b and a , respectively, in Aden and Kerker's paper. 
Fig.7a,b and Fig.8 show some extinction curves calculated this way. 
Comparing them with the measured extinction, one has to bear in 
mind that the experiment was done on a collection of particles with. 
different sizes. The obvious features of the measured extinction 
curves reappear in the calculated ones. Similar to the homoge­
neous drop case, only the first term in the Mie expansion contri­
butes significantly. 
The unexpectedly broad extinction band of the large mercury par­
ticles is according to our opinion not exclusively due to a pre­
paratory effect: It would be difficult to conceive why for small 
particles the broadening disappears. In our interpretation, the 
measurements give evidence for two phenomena: First, surface ef­
fects do play a role in the extinction of small mercury particles -
an observation in favour of the hypothesis of Bloch and Rice. 
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Fig.7· Comparison of homogeneous liquid drop model 
extinction and shell model extinction with measured 
extinction, a: average particle radius 120 A, b: 
average particle radius 30 A. 
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Fig.8. Extinction for intermediate particle sizes: 
8θ >R>35 A, calculated for the shell model. 
Secondly, the change in surface tension, resulting in a change of the 
optical properties, has to be reckoned with,too, in order to under­
stand the strong size dependence of the extinction. 
However, a direct verification of the surface zone structure of mer-
96 
cury is highly desirable, because the optical experiments can only 
give indirect evidence of structural effects. As pointed out at the 
end of section IV.2, x-ray diffraction on small particles should be 
the appropriate means to get insight into the surface structure of 
liquid mercury. 
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C H A P T E R V 
DIELECTRIC BEHAVIOUR OF A DENSE ARRANGEMENT OF SUPERCONDUCTING PAR­
TICLES 1 
A dense arrangement of superconducting tin particles (approx. size^y 
embedded in paraffin exhibits some curious dielectric properties at 
low temperatures. By applying an electric field over such an artifi­
cial dielectric, one observes ал electronic tunneling effect between 
neighbouring particles which leads to a difference in capacitive be­
haviour between the normal (n) and superconducting (s) states. The 
samples were prepared by mixing about 50 volume percent of fine tin 
2 . 
powder with 50 volume percent of paraffin. For reference measure­
ments, a sample with nothing but paraffin and a sample with a bulk 
piece of tin with the same volume as the tin powder were prepared; 
in both reference samples no effects could be detected by varying 
the temperature, the magnetic or the electric fields. The capacitance 
was measured with a three terminal guard ring arrangement, using a 
General Radio 1620-AP capacitance measuring assembly with a.c. of 
1000 cps. To increase the sensitivity of the system, in place of the 
bridge null detector a lock-in amplifier was used. For lock-in de­
tection special grounding precautions have to be taken if two groun­
ded inputs are used, for reference and signal. A coaxial choke intro-
3 duced in the refernce leads is a useful remedy m this case . The 
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two flat sides of the cylindrical sample were covered with a thin 
cellophane foil, preventing any current flow between the electrodes 
and the sample. Again for reference proposes, the magnetic suscep-
tihility was measured as function of the magnetic field with a simp­
le mutual induction bridge. Fig.1 shows two typical dielectric and 
magnetic measurements. 
At 1.2 K, the capacity and dielectric loss are dependent on the ap­
plied magnetic field, while above the critical temperature Τ of 
tin, the magnetic field did not have any influence at all. The 
capacity is larger in the η-state than in the s-state; a change in 
the dielectric loss during transition could not unambiguously be 
observed, although such a change seems to be present. In addition 
it has been observed that the difference in the macroscopic dielec­
tric constant of the sample between the n- and s-state became smal­
ler with increasing condenser voltage. There is also a remarkable 
hysteresis, which is believed to be due to the well known super-
It . 
heating and supercooling effect ; just as in the case of bulk 
superconductors it is possible to get an 'intermediate1-curve by 
reversing the sweep during the decrease of the field before the 
final supercooling field is reached ( Fig. la, curve С ). At k.2 К 
the capacity and the dielectric loss of the sample showed a non­
linear increase as a function of amplitude of the applied alterna­
ting field. For the highest voltages, the capacity reaches a sa­
turation value ( Fig. 2 ). As mentioned before, this effect was 
entirely absent in the dummy samples with no tin powder. 
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Fig.1. Capacity and magnetic susceptibility of a dense arrangement 
of fairly small tin particles embedded in paraffin as a function of 
the magnetic field at Τ = 1.2 К. A: Superheating curve, B: Super­
cooling curve, C: Intermediate curve, a: Capacitance ( 1000 cps, 
V = 60 V ) . b: Magnetic susceptibility. 
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Fig.2. Capacity С and dielectric loss factor D as a function of 
amplitude V of the applied alternating electric field at T=l+.2 K. 
( Measuring frequency: 1000 cps; thickness of the sample: d =: 2inm, 
φ sr 15 mm). Insert right hand side below: Idealized capacitance mo­
del. 
These experimental facts can 
qualitatively he explained by assuming a tunneling model somehow 
similar to the one described by Giaever and Zeiler used for the 
explanation of zero bias tunneling anomalies of small supercon-
юз 
ductors. This can be illustrated with the following very idealized 
capacitance ( Fig.2, insert ): Two metallic sheets S and S' are pla­
ced between the condenser plates and we allow tunneling charges be­
tween the two inserted plates if the voltage across them exceeds a 
certain value V . In the lumped circuit diagram, the inner capacitor 
is therefore shunted by a resistor with the following properties: 
R = oo &r V < V
c 
Я Φ o W V >VC 
For such an arrangement, one gets for the t o t a l capacitance: 
с = ς, - с г«*· ν < vc 
С С. - С, • £ сгс5;и (*.) f * v>vc 
and for the dielectric loss factor: 
D = o for ν < v c 
(?) 
D - D.O-^«"« 1 "^)) fe' V>VC 
where С , С., and D are constants depending on the geometry. In rea­
lity,the small particles will also form some sort of tunneling capa­
citors, with very different shapes and tunneling characteristics. 
However, the above argument gives a reasonable explanation of the 
10І+ 
monotonie increase of C(V) and the saturation property; the similar 
slope in the dissipation factor is explained by the same argument. 
For a more quantitative analysis, of course a more realistic model 
for R(V) should be used. If tin is in the superconducting state, 
then the electrons have to surmount the energy gap¿l(T), which, in 
our model, means that V ( s ) > V (n). This implies C(s)< C(n), which 
is, what is observed. The dielectric loss is expected to increase 
if the sample is going from the s-state to the η-state. Due to the 
limited resolution of the bridge, it was not possible to see this 
effect unambiguously. 
The superheating and supercooling effect should allow to draw some 
conclusions about the к -value of the tin particles. Due to the 
very irregular shapes of the particles which leads to an unknown 
demagnetization factor, the superheating field is not very meaning­
ful. For the supercooling field H , which is not sensitive to de­
ll 
magnetization effects, one gets 
H
s c
 = HC3 = 2.4 к Н с Ь (if) 
where H is the bulk critical field. It is somehow arbitrary which 
field on Fig.1 should be identified with H . If we choose the field 
sc 
7 
as indicated by the marks, and using Η , (τ) as given by Mapother , 
one gets for the capacitance measurements К ^ 0.08 and for the sus­
ceptibility measurements K S:r 0.11. These values ( although rather 
Q 
inacurate) are not unreasonable considering the purity of the tin. 
Due to the very irregular shape of the particles and in view of the 
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fact that the capacitance measures a surface property while the 
susceptibility measures more a bulk property, the difference of 
the slope of the two curves of Fig.1 is not very astonishing. 
It is rather amusing to note that the capacitance of such 
an artificial dielectric is a new physical property which changes 
if the embedded metal goes from the normal to the superconducting 
state. One might be tempted to attribute the effect to a change of 
the electric polarizability if the tin particles are going from 
the η-state to the s-state. However, as long as one is not in the 
quantum size effect regime, no such difference should be expected; 
the static polarizability depends only very weakly on the super-
9 . . . 
conducting energy gap . The mean value of the particle size is so 
big that a quantum size effect can be excluded. 
юб 
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A P P E N D I X I 
Canonical partition function for the equal level spacing case. 
Assuming that (1) the electronic energy levels are only spindegene-
rate and (2) neighbouring levels are separated from each other by 
the fixed energycf , the partition function Ζ (Τ,Η) of such a sys­
tem can be calculated exactly, provided one uses a totally insigni­
ficant 'unphysical' simplification introduced in the argument: The 
number of energy levels below the Fermienergy £ is taken to be in­
finite. Again one begins with an expression similar to Eq.(9) of 
Chapter III: 
•tr^+eíT*(y*"e-Pe,)^+e-Mf-P'*HePí'',)(i-¿PJ") 
η=>ι 
ff ( Ï ^ - ^ V ^ H W ' H W .-Ρ^ Χι-β-Ρ*") 
χ 
χ 
ζ has been replaced by A = eTand zt, = Π \\-e J. In Eq.(Al) the 
number of levels below ¿χ is infinite in contrast to the actual sys­
tem. Physically this has no serious consequences. The thermodynamic 
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behaviour of the system is for low enough temperatures arbitrarily 
closely determined by a finite number of energy levels near ¿y. 
Another way of saying this is that only the electrons around the 
Fermi energy are responsible for the electronic properties of the 
system. 
Eq.(Al) can now be treated with a Theta function identity which 
makes a relation between infinite sums and infinite products : 
The term n=0, which has been written separately in front of the 
infinite products of Eq.(Al) is cancelled up to a factor 4/eL' by 
the two cos-terms of the type occuring in Eq.(A2). 
Therefore one gets for«< = 0 ( i.e. odd particles ): 
о 
* e ' e l' t- e -e 
+ e ' e ' н - e e ^ 
This gives 
^ ( Т -Н) = 2 [ Σ e Ρ cosh ( ( H i ) 2 р^з И)} 2 
-Ρ Ей (о) 
e ' 
в 
for odd particles. 
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Analogous considerations yield for even particles 
е
Р В Д
 К* im • [1 ^ î - Ρ***1«* [ M 2pAH].2i 
Following Ref.(3) of Chapter III the ground state energy Е
та
(0) 
has been carried through all the equations. Clearly, this ground 
state energy does strictly speaking not exist because of the in­
finite number of levels below ¿γ . For the computations of the 
physical quantities, i.e. the derivatives of the logarithm of 
—E fOÌ 
the partition function, the ground state energy factor e N 
cancels. 
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S U M M A R Y 
The motivation underlying the investigations presented in this thesis 
was to get some insight into the properties of condensed matter of 
dimensions so small as to fail the normal solid-state description 
and - on the other hand - so hig that it can no longer Ъе treated on 
a molecular basis. At present little is known ahout the transition 
from the atomic to the solid-state nature of matter, especially from 
the experimental point of view, and Chapters II to IV attempt to 
contribute a little towards filling this gap. 
Chapter I is an introduction to bhe subject of quantum size effects. 
The physical contents are borrowed from the fundamental papers by 
Kubo and Gorkov and Eliashberg. A few remarks and quantitative esti­
mates are added to help clarify some points which were only briefly 
discussed in these papers. Chapter II reports on the unsuccessful 
experimental search for anomalous dielectric properties of small me­
tallic particles in weak electric fields. Gorkov and Eliashberg pre­
dicted a large increase in the static polarizability compared to a 
conducting particle which simply screens the applied electric field 
according to classical electrostatics. A reasonable, although slight­
ly simplistic explanation for the absence of the effect is presented, 
based on the fact that Gorkov and Eliashberg did not distinguish bet­
ween the applied electric field and the local electric field acting 
on the electrons within the particle. Chapter III deals with magnetic 
Ill 
properties of small indium particles at lov temperatures. Неге, a 
clear quantum size effect was detected and its interpretation re­
quired another particle model than that proposed Ъу КиЪо and adop­
ted Ъу Gorkov and Eliashberg. Whereas these authors used a solid-
state approach to the problem, the experiments are better described 
by an atomic model, where the electrons are moving in a - more or 
less - spherical potential well with conservation of angular mo­
mentum. In Chapter IV, some unusual optical properties of small 
mercury particles are presented. The observed optical extinction 
in the ultraviolet leads to the conclusion that small mercury par­
ticles are very different from simple liquid drops. The qualitative 
features of the extinction spectrum can be understood on grounds 
of the Mie theory assuming that the outer atomic layers of small 
mercury particles show some solid-like structure. Further one 
has to reckon with the size dependence of the surface tension of 
particles of a few tens of A diameter. Chapter V deals with some 
ac dielectric measurements done on a dense arrangement of macrosco­
pic superconducting tin particles. Contrary to what one would ex­
pect, the normal-superconducting transition is observable in a capa­
city measurement. The measurements are explained in terms of elect­
ron transport by tunneling from one particle to the other. In the 
superconducting state the electrons have to surmount the supercon­
ducting energy gap in addition to the potential barrier present in 
the normal state, which leads to the observed difference in capaci­
tance between the superconducting and the normal state. 
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S A M E N V A T T I N G 
Het doel van het in dit proefschrift beschreven onderzoek is enig in-
zicht te verkrijgen in de eigenschappen van de vaste stof wanneer die, 
enerzijds tot zo kleine dimensies is gereduceerd, dat de gebruikelijke 
macroscopische vaste stof theorie daarop niet meer toepasbaar is, ter-
wijl anderzijds de dimensies nog te groot zijn om een moleculaire aan-
pak mogelijk te maken. Tot nu toe is niet veel bekend, vooral experi-
menteel niet, van de verschijnselen die optreden bij de overgang van 
de atomaire naar de macrocopische vaste stof toestand. In de hoofstuk-
ken II tot en met IV is getracht de inzichten daaromtrent een weinig 
te verruimen. 
Hoofdstuk I geeft een inleiding tot de quantum size effecten. De fy-
sische inhoud ervan is ontleend aan de fundamentele artikelen van Kubo, 
Gorkov en Eliashberg. Enkele opmerkingen en kwalitative schattingen 
werden toegevoegd om bepaalde punten, die in de bovengenoemde artike-
len slechts kort werden behandeld, nader te verklaren. Hoofdstuk II 
behandelt de experimentele pogingen om vermeende anomale dielectrische 
eigenschappen van kleine metalen deeltjes in zwakke electrische velden 
aan te tonen. Gorkov en Eliashberg n.l. , voorspelden een grote toe-
name van de statische polariseerbaarheid vergeleken bij die van een ge-
leidend deeltje, dat volgens de klassieke electrostática het uitwen-
dig electrisch veld afschermd. Een bruikbare, хеіііс^ wat simplis­
tische verklaring voor de afwezigheid van het anomale effect wordt ge­
geven, gebaseerd op het feit dat Gorkov en Eliashberg geen onderscheid 
из 
maakten tussen het uitwendig electrisch veld en het locale electrisch 
veld, dat op de electronen in het deeltje werkt. Hoofdstuk III behandelt 
de magnetische eigenschappen van kleine indium deeltjes bij lage tempe­
raturen. Hierbij werd een duidelijk quantum size effect waargenomen, 
waarvan de interpretatie een ander kleine deeltjes model noodzakelijk 
maakte dan dat, welke door Kubo was voorgesteld en ook door Gorkov en 
Eliashberg was gebruikt. Terwijl de bovengenoemde auteurs een macros­
copische vaste stof benadering gebruikten, blijken de resultaten van 
de experimenten beter beschreven te kunnen worden via een atomair model, 
waarbij de electronen zich in een - min of meer - sferische potentiaal 
put bewegen met behoud van draai-impuls. In Hoofdstuk IV wordt verslag 
uitgebracht van enkele ongewone optische eigenschappen van kleine kwik­
deeltjes. Uit de waargenomen optische extinctie blijkt dat kleine kwik­
deeltjes duidelijk verschillen van gewone vloeistof druppeltjes. De 
kwalitative eigenschappen van het extinctie spectrum kan men begrijpen 
met behulp van de Mie-theorie, wanneer men aanneemt dat de buitenste 
atomaire laagjes van de kleine kwikdeeltjes de geordende structuur van 
kristallijn kwik vertonen. Verder moet in de beschouwing betrokken wor­
den de size afhankelijkheid van de oppervlaktespanning van de deeltjes, 
die een diameter hebben van enkele tientallen A. Hoofdstuk V behandelt 
de dielectrische wisselstroom metingen, die gedaan werden aan een dichte 
verzameling van macroscopische supergeleidende tindeeltjes. In tegen­
stelling tot wat men zou verwachten blijkt de overgang van de normale 
naar de supergeleidende toestand in een capaciteitsmeting waarneembar 
te zijn. De resultaten van de metingen kunnen worden verklaard in termen 
van het electronentransport, dat plaats vindt bij tunneling van het ene 
Ill* 
deeltje naar het andere. In de supergeleidende toestand moeten de 
electronen, naast de potentiaal barrière in de normale toestand, ook 
nog de energie gap van de supergeleidende toestand doorkruisen, en dit 
laatste leidt tot de waargenomen verschillen in de capaciteit tussen 
de supergeleidende en de normale toestand. 
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S T E L L I N G E N 
I 
Voor de bepaling van de Gorter-Mellink exponent is het zinvol, de relatie 
tussen warmtestroom en temperatuurgradient in superfluide helium tot vlak 
bij I \ te meten. 
Scriptie M. Weenen, Katholieke Univer­
siteit Nijmegen, 1973 (unpublished) 
II 
Door gebruik te maken van de onlangs ontwikkelde millipicovoltmeters is het 
nu ook mogelijk beneden 1 К gebruik te maken van thermokoppels voor 
thermometrie. 
III 
Het is interessant het gedrag van de Kapitza weerstand in het mK gebied te 
onderzoeken, tussen He3 en zeldzame aardverbindingen met een singlet 
grondtoestand. 
IV 
Het verdient aanbeveUng de kopers van moderne electronische flitsapparatuur 
met belichtingstijden kleiner dan 10"4 sec. attent te maken op de gevolgen van 
het Schwarzschild effekt. 
V 
Het Fellgett voordeel van een interferometer is soms een nadeel. 
P.B. Fellgett, J. Phys. Radium 19, 187 
(1958) 
VI 
De door Gregory et al. gehuldigde opvatting, gestimuleerde emissie in supra-
geleiders gemeten te hebben is aan twijfels onderhevig. 
WJD. Gregory, L. Leopold and D. 
Repici, Can. J. Phys. 47,1171 (1969) 
VII 
De door de Orsay groep geïntroduceerde demagnetisatiefactor voor de bereke-
ning van het superheating veld in cylindervormige suprageleiders is niet zonder 
meer gerechtvaardigd. 
Orsay group on superconductivity, in 
Quantum fluids, Proc.Sussex University 
Symposium 1965, ed. D. Brewer (North 
Holland Pubi. Сотр., Amsterdam, 
1966), p. 26 
VIII 
Uit Mössbauer hyperfijn spectra in Fe5 7 , gemeten aan poeders, kunnen geen 
eenduidige conclusies getrokken worden omtrent onderlinge oriëntatie van de 
electrische veld gradient en het magneetveld ter plaatse van de ijzerkern, zoals 
door vele auteurs gesuggereerd wordt. 
F. Varret and P. Imbert, Phys. stat. sol. 
(b) 56,127(1973) 
IX 
Het verdient aanbeveling in ziekenhuizen nauwkeurig het aantal in omloop 
zijnde thermometers te controleren. 
X 
Een belangrijke verhoging van de veiligheid van automobielen kan verkregen 
worden door de stoelen achterstevoren te plaatsen. De bestuurder dient dan 
gebruik te maken van een links-rechts verwisselend spiegelsysteem. 
Nijmegen, 18 juni 1973 F.A. Meier 


